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Abstract

In rational homotopy theory, varieties are encoded by their algebraic models
thanks to the work of Sullivan, Morgan, and Hain among others. Although
often hard to detect, these algebraic objects are found to be formal in certain
cases, that is, there is an equivalence between the algebraic object and its
chain cohomology. Formality of an algebraic model has deep consequences
in the topology of the associated space; for example, the rational homotopy
type of a formal space is completely determined by its cohomology ring. In
terms of deformation theory this implies that the deformation functors simplify
considerably.

In the first part of this thesis we provide formality criteria for homotopy
P-algebras, which are a very broad class of algebraic objects. This unifies
and generalizes previous results by Kaledin and Manetti. In particular, we
construct operadic Kaledin classes and show that they are obstructions to
formality. Moreover, we prove that degeneration at the E2 page of the operadic
cohomology spectral sequences implies formality.

The second part of the thesis is concerned with deformation theory. Following
Budur and Wang’s theory of deformation, we develop a new deformation theory
with cohomology constraints to accommodate L∞ pairs, which are homotopy
stable algebraic objects. As an application we prove a structure theorem for
possibly singular varieties; in particular, we show that for complex algebraic
varieties with vanishing weight-zero 1-cohomology, the irreducible components
of the cohomology jump loci of rank one local systems containing the constant
sheaf are tori. This entails restrictions on the fundamental groups.
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Beknopte samenvatting

In de rationele homotopietheorie worden variëteiten beschreven door hun
algebraïsche modellen dankzij het werk van onder andere Sullivan, Morgan, en
Hain. Hoewel vaak moeilijk te detecteren zijn, blijken deze algebraïsche objecten
in bepaalde gevallen formeel te zijn. Dat wil zeggen dat er een equivalentie
bestaat tussen het algebraïsche object en zijn ketencohomologie. Formaliteit van
een algebraïsch model heeft grote gevolgen voor de topologie van de bijbehorende
ruimte: het rationele homotopietype van een formele ruimte wordt bijvoorbeeld
volledig bepaald door de cohomologiering. In termen van vervormingstheorie
dit betekent dat de vervormingsfunctoren aanzienlijk vereenvoudigen.

In het eerste deel van dit proefschrift beschrijven we formaliteitscriteria voor
homotopie P-algebra’s, die een zeer brede klasse van algebraïsche objecten
vormen. Dit resultaat verenigt en veralgemeent eerdere resultaten van Kaledin
en Manetti. In het bijzonder construeren we operadische Kaledin-klassen en
laten we zien dat zij een obstructie vormen voor formaliteit. Bovendien bewijzen
we dat ontaardheid op de E2-pagina van de spectrale rij van de operadische
cohomologie formaliteit impliceert.

Het tweede deel van het proefschrift heeft betrekking op vervormingstheorie.
In navolging van de theorie van Budur en Wang ontwikkelen we een nieuwe
vervormingstheorie met cohomologiebeperkingen die toepasbaar is op L∞ paren,
die homotopie stabiele algebraïsche objecten zijn. Als toepassing van deze
theorie bewijzen we een structuurstelling voor mogelijk singuliere variëteiten.
In het bijzonder laten we zien dat voor complexe algebraïsche variëteiten met
triviale gewicht-nul 1-cohomologie, de niet-reduceerbare componenten van de
cohomologie-sprong loci van rang-één lokale systemen die de constante schoof
bevatten, tori zijn. Dit houdt beperkingen in voor de fundamentele groepen.
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Introduction

A deformation problem consists in describing all the deformations keeping a
certain structure of an object up to isomorphisms. In the presence of a moduli
spaceM –viewed as a scheme whose closed points parametrize the isomorphism
classes of the objects to be deformed– the deformation problem for an object
ρ ∈M is equivalent to describing the formal germMρ ofM at ρ.

A principle of Deligne [Del86] says that every deformation problem over a field
of characteristic zero is controlled by a differential graded Lie algebra (dgla),
and two equivalent dglas describe the same deformation theory. This means
that to a dgla C, one can associate a deformation functor Def (C) defined by
the Maurer-Cartan elements in C1 modulo gauge equivalence. This functor will
be naturally isomorphic toMρ, regarded as a functor on Artinian local algebras
by Grothendieck’s functorial point of view. Moreover, if C ′ is equivalent to C
as dglas, then Def (C) ∼= Def (C ′).

This principle has been illustrated many times, beginning with the work of
Goldman-Millson [GM88], where the bases of the deformation theory in terms
of dglas were built upon previous work of Artin, Schlessinger, and Stasheff
among others.

The passage from functors to actual equations is however only partially answered
by this approach. In order for Def (C) to provide useful equations describing
Mρ, one would at least need that C is finite-dimensional, which is typically not
the case.

One way to tackle infinite-dimensional dglas, is to check whether they are
formal. Recall that a differential graded (Lie) algebra A is formal if it is quasi-
isomorphic to its cohomology graded (Lie) algebra H(A). This notion has been
studied in multiple occasions. The most famous instance of formality in the
mathematical literature is probably the paper [DGMS75] by Deligne, Griffiths,
Morgan and Sullivan, in which the authors showed that if X is a compact
Kähler manifold, then the de Rham algebra ΩDR(X) of X is formal. This has
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important consequences in the topological understanding of X.

Another very famous manifestation of formality is found in the seminal paper
[Kon03] of Kontsevich. Consider the algebra A of smooth functions on a
differentiable manifold, then Kontsevich proves that the dgla of the Hochschild
cochain complex of A (with Hochschild differential and Gerstenhaber bracket)
is formal. A corollary of this result shows that every finite-dimensional Poisson
manifold can be canonically quantized in the sense of deformation quantization.

In essence, the approach to deformation theory via dglas is particularly successful
when C is a formal dgla. Formality of C means that Def (C) ∼= Def (HC), which
is very convenient as HC is finite-dimensional. In addition, the vanishing of
the differential in HC translates into a beautiful answer for the deformation
problem in terms of the linear algebra of the Lie bracket on HC: the spaceM
has quadratic singularities at ρ up to gauge, see [GM88] and [Man04] for more
on this subject.

However, formality is often hard to detect. In [MR19] (and thus in Chapter 3) we
give a very general formality criteria regarding this issue. Part I below provides
additional background to formality criteria and the main results thereof.

In the absence of formality, very little can be said via the dglas argument. In
those cases, the answer lies in the language of L∞ algebras. These are algebras
equipped with a possibly infinite series of higher-order operations li with i ≥ 1.
Indeed, dglas are precisely L∞ algebras with li = 0 for i > 2, in which case l1 is
the differential and l2 is the Lie bracket. In the framework of deformation theory,
this means that these higher operations must appear in the L∞ Maurer-Cartan
equations. There is by now a well-established deformation theory in terms
of L∞ algebras due to Fukaya, Konstevich, Soibelman, and Manetti, among
others.

An interesting fact is that every dgla C is L∞ equivalent to its cohomology
HC endowed with an L∞ structure canonical up to L∞ isomorphism. Hence
Mρ can be described by the L∞ Maurer-Cartan equations in the affine space
H1C. The quadraticity from the formal case is a reflection of the fact that in
that case only the (quadratic) Lie bracket l2 is involved in the Maurer-Cartan
equations. The solutions of the L∞ Maurer-Cartan equations in H1C describe
locally the mini-versal deformation space, or the Kuranishi space, of ρ.

Now, by a deformation problem with cohomology constraints we mean that the
objects to be deformed come with a cohomology theory and that we would like
to describe those deformations whose i-th cohomology has dimension ≥ k. In
the presence of a moduli spaceM of objects with a cohomology theory, this
type of problem is equivalent to describing the formal germs at ρ ∈M of the
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cohomology jump loci, also known as the generalized Brill-Noether loci:

Vik =
{
ρ ∈M

∣∣ dimHi(ρ) ≥ k
}
.

These come endowed with the natural structure of subschemes ofM, for all i
and k.

Deligne’s principle has been refined by Budur-Wang [BW15a] to this type of
problems: every deformation problem with cohomology constraints over a field
of characteristic zero is controlled by a pair consisting of a dgla together with a
dgl module, and two equivalent dgl pairs describe the same deformation problem
with cohomology constraints.

More precisely, given a dgla C controlling the germ Mρ: C is typically an
endomorphism object, thus it comes with a natural dgl module M on which it
acts, and such that HiM = Hi(ρ). In this situation, the pair (C,M) describes
locally at ρ the cohomology jump loci Vik for all i and k. This means that one
can construct subfunctors Def ik(C,M) ⊂ Def (C) that are naturally isomorphic
to the functors associated to the formal germs (Vik)ρ. Moreover, two equivalent
dgl pairs give rise to naturally isomorphic cohomology jump subfunctors Def ik,
see [BW15a].

Similarly to the discussion above, the approach via dgl pairs to cohomology
jump loci is successful when the pair (C,M) is equivalent to its cohomology
pair (HC,HM), that is, when (C,M) is a formal dgl pair. In addition to
usually being finite-dimensional, (HC,HM) also enjoys the vanishing of the
differentials; this translates again into a simple answer for the deformation
problem with cohomology constraints in terms of the linear algebra regarding
the multiplication map HC⊗HM → HM . In particular, the cohomology jump
loci Vik are locally given at ρ by certain determinantal ideals, the cohomology
jump ideals, depending on i and k of the matrices of linear forms corresponding
to the above multiplication map. More concretely, if ρ is generic in the sense
that ρ ∈ Vik \ Vik+1, then locally at ρ the locus Vik is cut out by linear equations
from the quadratic spaceMρ. Thus (Vik)ρ also has quadratic singularities in
this case, see [BW15a].

We remark that the generic loci {Vik \ Vik+1 | i ∈ Z}, that is deformations with
same cohomology, are equivalently treated by Manetti’s deformation functor
Def χ, associated to the morphism of dglas χ : C → End(M), when (C,M) is a
dgl pair [Man07]. However, the non-generic structure of the scheme Vik is much
more complicated even if generically it is not. In fact, we will see that away
from the generic locus, the Zariski tangent spaces of Vik are the full tangent
space of the ambient moduli, see Theorem 4.3.7.



4

Beyond formality, we need to adapt the L∞ language to deformation theory
with cohomology constraints in order to have a meaningful description of the
cohomology jump loci. This is the starting point of [BR18] (and hence of
Chapter 4).

Next, we give some historical context of cohomology jump loci to familiarize
the reader with these objects.

Let X be a connected topological space having the homotopy type of a finite CW
complex. The spaceMB(X) of all rank one C-local systems on X is identified
with the group Hom(π1(X),C∗) of rank one representations of the fundamental
group π1(X) based at a fixed point in X. MB(X) is an algebraic group, the
product of a finite abelian group with the complex affine torus (C∗)b, where b
is the first Betti number of X.

We define the cohomology jump loci ofMB(X) by

Σik(X) =
{
L ∈MB(X)

∣∣ dimHi(X,L) ≥ k
}
.

And as mentioned above, these loci can be endowed with a natural structure of
closed subschemes ofMB(X).

The cohomology jump loci are homotopy invariants of the topological space
X. Indeed, the Σ1

k(X) depend only on π1(X). This means that Σ1
k(G) can be

defined for any finitely presented group G. And vice versa, every affine scheme
of finite type over C can be thought of as Σ1

k(G) (respectively, Σik(X)) for some
finitely presented group G (respectively, for some finite CW complex X).

By work of Simpson [Sim11], Kapovich-Kollár [KK14], and, in the form stated
here, by Kapovich [Kap13], any finitely presented group is the fundamental
group of an irreducible projective surface with at most normal crossings and
Whitney umbrellas as singularities. Hence, if these singularities are allowed,
any affine scheme of finite type can occur as a Σ1

k(X).

Coming back to homotopy invariants, Wang shows in [Wan16] that there exists
a compact Kähler manifold X that does not share the 2-homotopy type of any
smooth projective variety, thus giving a negative answer to Kodaira’s problem.
To prove this, Wang computes the Σ2

1(X) to find that this locus cannot be
associated to a projective variety. In fact, Wang uses similar arguments by
Voisin [Voi04], who had previously answered negatively Kodaira’s problem.
However, it is worth noting that Wang’s approach is a slight improvement
and ultimately the cohomology jump loci can “tell apart” between different
homotopy type objects.

Another spectrum of results come in the form of structure theorems, in which
the cohomology jump loci are found to be special. Recall that a subtorus of
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MB(X) is an algebraic subgroup (C∗)p ⊂MB(X). Then, by special we mean
that the irreducible components of (the underlying reduced algebraic set of)
Σik(X) are torsion-translated subtori. Recently, these structure theorems have
been proved for X being a smooth quasi-projective complex algebraic variety
[BW15b], a compact Kähler manifold [Wan16], and (without the “torsion” part)
if X is a quasi-compact Kähler manifold [BW17c]. This problem has a long
history, with contributions by, e.g., Beauville [Bea88], Green-Lazarsfeld [GL91],
and Simpson [Sim93]. See [BW17b] for a complete survey on the subject.

Beyond the smooth case, the torsion-translated subtorus property has been
shown at Σ1

k(X) = Σ1
k(π1(X)) for any normal variety X by Arapura, Dimca,

and Hain [ADH16].

In view of these structures theorems, a natural question to ask is how singular
can a complex variety X be for the cohomology jump loci to still remain special?
This will be answered in Theorem C.

In what follows, we provide a summary of the results in this manuscript.

Part I: formality criteria for algebras over operads

Based on joint work with Valerio Melani [MR19].

In [Kal07], Kaledin addressed the question of finding cohomological obstructions
to formalities for families of associative dg algebras. A concise exposition of
Kaledin’s work can be found in the paper [Lun10], in which Lunts provides
proper foundations and complete proofs for the main results of [Kal07]. Kaledin’s
formality criteria were later used in [KL07] and in [Zha12] to attack some
particular cases of a conjecture of Kaledin and Lehn about the singularities of
the moduli space of semistable sheaves on K3 surfaces.

Given an associative dg algebra A, Kaledin’s arguments are based on the
construction of a certain Hochschild cohomology class of A –called Kaledin
class in [Lun10]. Kaledin is then able to prove that this class measures the
obstruction to formality of A. Indeed, the main result in [Kal07] states that the
algebra A is formal if and only if its Kaledin class vanishes. It is worth noting
that similar results had been obtained for commutative dg algebras by Sullivan
in [Sul77] and by Halperin-Stasheff in [HS79].

Inspired by [Kal07] and [Lun10], Manetti introduced a different flavour of
formality criteria for dglas in [Man15]. Manetti’s approach differs from Kaledin’s
in that the main tool in [Man15] is the Chevalley-Eilenberg spectral sequence of
a given dgla L, which by definition is the natural spectral sequence computing
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the classical Chevalley-Eilenberg cohomology of L. It was already known that
homotopy abelianity of a dgla L is equivalent to the degeneration at E1 of
the Chevalley-Eilenberg spectral sequence of L, see [Ban16]. The main result
of [Man15] extends this by proving that formality of L is equivalent to the
degeneration at E2 of the Chevalley-Eilenberg spectral sequence.

In view of these formality criteria for different cases, the purpose of Chapter
3 is to generalize the formality criteria from both [Kal07] and [Man15] to the
case of algebras over a sufficiently nice Koszul operad P . An algebra A over an
operad P is a dg K-module equipped with n-ary operations and compositions
described by P. For example, when P is one of the usual suspects Ass, Lie,
Com, PreLie, Pois etc., we get the respective dg associative algebras, dglas, etc.

In the same fashion as [Lun10] and [Man15], we found it more convenient to
use the language of homotopy P-algebras, or P∞-algebras. For this purpose,
we use the Koszul resolutions described in [GK94] and [LV12]. In this way,
when taking a dg K-module over a resolution of the operads above, we get the
respective A∞ algebras, L∞ algebras, etc.

For every P∞-algebra A, we construct a natural class KA in the P∞-operadic
cohomology of A, which we call operadic Kaledin class in analogy with the
choice of terminology of [Lun10]. We remark that our construction circumvents
some of the technicalities in [Kal07] and [Lun10], as we avoid deformations to
the normal cone.

As expected, the operadic Kaledin class controls the formality of A. Our first
main result can therefore be stated as follows.

Theorem A. The P∞-algebra A is formal if and only if its operadic Kaledin
class KA vanishes.

Notice that in the case where P is the operad Ass of associative algebras, our
result gives back the Kaledin formality criterion.

Thereupon, we focus on the natural spectral sequence computing P∞-operadic
cohomology of the algebra A. Generalizing ideas from [Man15], we construct
a distinguished element eA in the second page E2 of the operadic spectral
sequence of the P∞-algebra A, which we call operadic Euler class following the
notation in [Man15]. We are then able to link the vanishing of the operadic
Kaledin class KA to the operadic Euler class eA. More precisely, we show the
following statement.

Theorem B. The Kaledin class KA vanishes if and only if dr(eA) = 0 for
every r ≥ 2, where dr denotes the differential in the r-th page of the operadic
spectral sequence on A.
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As an immediate corollary of both theorems, we find the following formality
criteria for the P∞-algebra A.

Corollary. Let A be a P∞-algebra. Then the following are equivalent:

(1) A is formal;

(2) the operadic Kaledin class KA is zero;

(3) dr(eA) = 0 for every r ≥ 2;

(4) the operadic spectral sequence of A degenerates at E2.

Hence, if we take P = Lie, the equivalence of items (1)− (3)− (4) is the main
result of [Man15]. However, the formality criterion of item (2) appears to be
new in the case of dglas. A similar statement follows for P = Ass with respect
to the results in [Kal07].

Part II: deformation theory via L∞ pairs and homo-
topy of singularities

Based on joint work with Nero Budur [BR18].

The main goal of the second part of the thesis is to provide an answer to the
question about how singular a variety can be to still possess special cohomology
jump loci.

Theorem C. Let X be a connected complex algebraic variety, possibly reducible.
If W0H

1(X,C) = 0, where W is the weight filtration, then each irreducible
component of the algebraic set Σik(X) containing the constant sheaf is a subtorus
ofMB(X).

It is known that W0H
1(X,C) = 0 if X is a normal variety, or more generally,

if X is unibranch. The vanishing W0H
1(X,C) = 0 also holds if X is a variety

admitting a morphism to a smooth variety Y with an injection H1(X,Z) ↪→
H1(Y,Z), by functoriality of mixed Hodge structures, cf. [BW17a, Theorem
10.1.1].

The theorem suggests that the dimension ofW0H
1(X,C) should be a topological

invariant for irreducible varieties. If X is compact, this was known by [Web04].
After we posed this question to Morihiko Saito, he promptly provided a proof
of the topological invariance beyond the compact case for all equidimensional
complex varieties [Sai18], cf. Remark 4.4.9.
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The condition W0H
1(X) = 0 also implies Morgan-type obstructions on funda-

mental groups of varieties, see Proposition 4.4.11. In fact, we were informed by
R. Hain that this also holds for links and Milnor fibers, see Proposition 4.4.13.
These obstructions do not depend on the deformation theory developed below;
however, we include them for completion. Likewise, Theorem C also holds for
links and Milnor fibers, see Propositions 4.4.7 and 4.4.8.

Theorem C is a consequence of three results: deformation theory with coho-
mology constraints, an exponential Ax-Lindemann theorem, and strictness
with respect to the weight filtration of the higher multiplication maps on the
cohomology of algebraic varieties.

A fundamental object in the proof is Sullivan’s cdga APL(X) of piecewise
smooth C-forms on X, which is not necessarily finite-dimensional for the kind
of varieties that we are interested. As we will see in Section 2.3, we treat the
special case of finite-dimensional APL(X). However, to prove Theorem C we
need a new strategy: forcing finiteness. This comes at a price, and to pay it
we need to improve the deformation theory with cohomology constraints to
accommodate the new language.

Forcing finiteness for the controlling cdga is not a new idea. Indeed, there is a
minimality theorem by Kadeishvili which implies that APL(X) is always A∞
equivalent to the cohomology H(X) endowed with an A∞ algebra structure,
canonical up to A∞ isomorphism. Thus, the price to pay is having to work with
A∞ algebras instead of cdgas.

An A∞ algebra is a graded vector space A together with graded linear maps

µn : A⊗n → A

of degree 2− n for each n ≥ 1, satisfying associativity up to homotopy. Every
dga is an A∞ algebra with µ1 the differential, µ2 the multiplication, and µ>2 = 0.
On the cohomology H(X), µ1 = 0, µ2 is the cup product, and the higher µn
are related to the higher Massey products, cf. [BMFM19].

To finish describing the proof of Theorem C, we mention that the condition
W0H

1(X) = 0 guarantees finiteness of the relevant equations describing locally
Σi
k(X) around the constant sheaf. That is, resonance varieties can be again

constructed as honest schemes of finite type over C, hence the exponential
Ax-Lindemann theorem applies, thereby concluding Theorem C.

With that said, the technical part of Chapter 4 will be to construct a new version
of deformation theory with cohomology constraints so that we can eventually
replace APL(X) with H(X). Since we want to develop a deformation theory
in its full generality, we work with L∞ pairs rather than A∞; in this way, we
not only describe what happens around the constant sheaf (A∞ language), but
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also around local systems (L∞ language). We recall from [BW15a] that the
structure of the Σik(X) around a local system L is governed by the dgl pair

(APL(X), APL(L)).

Here APL(X) is regarded as a dgla by considering the dgl module structure of
APL(X) over itself; and APL(L) is the dgl module over APL(X) obtained from
the forms with values in the rank one local system L.

As mentioned before, if the dgl pair (APL(X), APL(L)) is equivalent to a finite-
dimensional dgl pair, then the translated-subtorus property holds for every
component of Σi

k(X) containing L [BW17c, Theorem 1.3]. We improve this
result to compensate for the lack of formality as follows. We prove that there is an
L∞ pair structure –unique up to L∞ pair isomorphism– on (H(X,C), H(X,L))
making it equivalent –as an L∞ pair– with the dgl pair (APL(X), APL(L)). If
this sounds confusing, see Theorem D.

We remark that the L∞ algebra structure on H(X,C) is trivial, but the L∞
module structure of H(X,L) is not, even when L is the constant sheaf; we call
this a canonical L∞ module structure. When L is the constant sheaf, this is
essentially an A∞ algebra structure on H(X,C) making it A∞ equivalent with
the cdga APL(X); we call it a canonical A∞ algebra structure.

To integrate this into the theory of deformation with cohomology constraints
we develop cohomology jump subfunctors

Def ik(L,M) ⊂ Def (L)

for any L∞ pair (L,M) consisting of an L∞ algebra L together with an L∞
module M , thereby extending the theory from [BW15a]. This combines the
higher L∞ multiplication maps with the theory of cohomology jump ideals. The
main result summarizing all this is the following.
Theorem D. Let (C,M) be a dgl pair over a field of characteristic zero. On the
associated cohomology pair (HC,HM) there exists an L∞ pair structure with
zero differentials and with second-order multiplication maps induced from (C,M),
unique up to isomorphisms of L∞ pairs, such that (C,M) and (HC,HM) are
L∞ equivalent.

Moreover, the cohomology jump subfunctors

Def ik(HC,HM) ⊂ Def (HC)

of the L∞ pair (HC,HM) are naturally isomorphic to the cohomology jump
subfunctors of the dgl pair (C,M)

Def ik(C,M) ⊂ Def (C)

for all i, k ∈ Z.
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In conclusion, given a deformation problem with cohomology constraints

{(Vik)ρ ⊂Mρ | i, k ∈ Z}, (1)

let (C,M) be a dgl pair controlling the problem; then (1) is the same as the
collections of subfunctors defined via the L∞ pair structure

{Def ik(HC,HM) ⊂ Def (HC) | i, k ∈ Z}. (2)

If the cohomology pair (HC,HM) is finite-dimensional, which is typically the
case in applications, (2) provides equations for (1) in terms of the cohomology
jump ideals of the associated L∞ multiplication maps, up to homotopy
equivalence.

After this, we determine the Zariski tangent spaces to the cohomology jump
functors in Theorem 4.3.7, which sheds new light in the study of higher rank
local systems as well as for vector bundles in higher dimensional varieties. As a
corollary to Theorem D we also provide a positive answer to an open problem
on finite dimensional cdgas of Suciu [Suc16, Problem 3.2] in Theorem 4.3.6.
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Outline

• Chapter 1 covers the basics behind rational homotopy theory, introducing
dgas and dglas together with their generalizations A∞ and L∞ algebras.
We also give some historical context and background on transfer theorems
of A∞ algebras, which will provide a foundation for transfer theorems of
L∞ algebras and pairs. Finally, we give a concise introduction to operadic
algebras and ultimately to P∞-algebras.

• Chapter 2 is still part of the preliminaries. Here we discuss the evolution
of deformation theory throughout the years, namely its study via dglas,
L∞ algebras, and dgl pairs. At the end of the chapter we state some of
the applications of deformation theory to moduli spaces. These results
will serve as a motivation for the work of Chapter 4.

• Chapter 3 is dedicated to the study of formality criteria and how to adapt
the formulations of Manetti and Kaledin to the language of P∞-algebras.
In particular, it contains the proofs of both Theorem A and Theorem B.

• In Chapter 4 we define L∞ pairs and prove several results that will be
used throughout the chapter. Later on we define the cohomology jump
functors via L∞ pairs and show that they are well-defined. Then, we
give a proof to Theorem D and explore the first applications. In the last
section of the chapter, we provide the necessary background to prove
Theorem C and its different versions for links and Milnor fibers.





Chapter 1

Algebraic tools

In this chapter we introduce the main objects to be used throughout the
manuscript.

The first section contains some background on rational homotopy theory together
with a review of Sullivan’s models. Next, we define A∞ and L∞ algebras as well
as study some practical properties thereof. Finally, we finish this chapter with
an exposition of operadic algebras; these will provide a different perspective
of homotopy algebras and ultimately introduce the reader with the precise
notation for Chapter 3.

1.1 Rational homotopy theory

Given the difficulty of homotopy type computations, rational homotopy theory
was born in the late 60’s to study the torsion free part of homotopy types.
There are two main approaches to rational homotopy theory: one due to Quillen
and the other due to Sullivan. Although we will only use Sullivan’s theory, we
will briefly mention Quillen’s theory for historical context.

In this section we follow the expositions of [FHT01] and [FOT08].

13
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1.1.1 Differential graded algebras

We first introduce some of the basic definitions that are going to constitute the
bare bone of this thesis.

Definition 1.1.1. A differential graded algebra (dga) is a pair (A, d) consisting
of a graded vector space A =

⊕
k∈NA

k together with an associative
multiplication

· : Ai ⊗Aj −→ Ai+j ,

and a differential
d : Ak −→ Ak+1

satisfying the Leibniz rule, i.e., for homogeneous elements a, b ∈ A, we have:

d(a · b) = d(a) · b+ (−1)|a|a · d(b),

where |a| is the degree of a. Moreover, we say that a dga is connected if A0 is
just the ground field K.

Definition 1.1.2. Two dgas (A, dA) and (B, dB) are weak equivalent if there
is a finite zig-zag of quasi-isomorphisms

(A, dA) = (C0, d0) (C1, d1) · · · (Cl, dl) = (B, dB).' ' '

Additionally, a dga (A, dA) is formal if it is weak equivalent to (H q(A), 0).

Definition 1.1.3. A commutative differential graded algebra (cdga) is a dga
(A, d) whose multiplication is commutative, i.e., for homogeneous elements
a, b ∈ A, we have:

a · b = (−1)|a||b|b · a.

Furthermore, a cdga is free if it is the quotient of TV , the tensor algebra on
the underlying graded vector space V , and the ideal (a⊗ b− (−1)|a||b|b⊗ a).

Definition 1.1.4. A differential graded Lie algebra (dgla) is the triple

(C
q
, d, [− ,−]),

consisting of a graded vector space C =
⊕

k∈N C
k, a differential

d : C
q
−→ C

q+1

making C into a complex, and a bilinear, graded skew-commutative Lie bracket

[− ,−] : Ci ⊗ Cj −→ Ci+j ,
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satisfying the graded versions of Jacobi and Leibniz conditions, i.e., for
homogeneous elements a, b, c ∈ C we have:

(−1)|a||c| [a, [b, c]] + (−1)|a||b| [b, [c, a]] + (−1)|b||c| [c, [a, b]] = 0,

and
d [a, b] = [da, b] + (−1)|a| [a, db] ,

respectively.

The morphisms of all these objects respect the grading, the differential, and
multiplication or Lie bracket in the cases of (c)dgas and dglas respectively.

1.1.2 Algebraic models

For every simply connected space X, Quillen’s approach [Qui69] is concerned
with the construction of a dgla (L, ∂) that controls the rational homotopy type
of X in the sense that we have a natural isomorphism of graded Lie algebras

H q(L, ∂) ∼= π q(ΩX)⊗Q,

where the right hand side corresponds to the loop space of X, and whose Lie
bracket is given by the Samelson product.

In other words, Quillen’s theory to rational homotopy can be expressed by the
two functors

Topsc dgla
λ

〈−〉Q

between the categories of simply connected topological spaces and dglas. In
particular, one says that a dgla (L, ∂) is a Quillen model of X if it is quasi-
isomorphic to λ(X) as dglas.

In contrast, Sullivan’s approach [Sul77] is concerned in finding a free cdga
(∧V, d) that controls the rational cohomology of X in the sense that we have a
natural isomorphism of graded algebras

H
q
(∧V, d) ∼= H

q
(X;Q).

The free cdga (∧V, d) contains much more topological information. Indeed,
one can also obtain the vector space π q(X)⊗Q and the homotopy Lie algebra
π q(ΩX) ⊗ Q from (∧V, d); but this is beyond the scope of this preliminary
section.
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In an analogous way, Sullivan’s theory of rational homotopy can be expressed
by the two adjoint contravariant functors

Topc cdga
APL

〈−〉S

between the categories of connected topological spaces and cdgas. The
construction of the cdga of polynomial differential forms APL(X) can often
leave us with an algebra that is too complicated to use; that is why one is
interested to find a minimal model (∧V, d), quasi-isomorphic to APL(X) as
cdgas.

Following [FOT08, §2] and [FHT01, §10], we outline the construction of the
APL(−) functor.

Recall from algebraic topology that the standard n-simplex ∆n is the convex
hull of the standard basis e0, . . . , en in Rn+1:

∆n =
{

(t0, . . . tn) ∈ Rn+1
∣∣∣∣ n∑
i=0

ti = 1; tj ≥ 0, j = 0, . . . , n
}
.

Now, let Sn(X) be the set of singular n-simplicies ∆n → X; and denote by
S q(X) the simplicial set of singular simplicies in X together with boundary and
degeneracy operators

∂i : Sn(X) −→ Sn−1(X)

∂i(σ)(t0, . . . , tn−1) = σ(t0, . . . , ti−1, 0, ti, . . . , tn−1),

sj : Sn(X) −→ Sn+1(X)

sj(σ)(t0, . . . , tn+1) = σ(t0, . . . , tj + tj+1, . . . , tn+1).

Similarly, the simplicial cdga APL := APL(∆ q) is defined as

(APL)n =
∧

(t0, . . . , tn, dt0, . . . , dtn)
(
∑
ti − 1,

∑
dti)

,
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where the ti are in degree 0, and the dti in degree 1. Furthermore, the face and
degeneracy operators of the simplicial cdga APL are the cdga morphisms

∂i : (APL)n −→ (APL)n−1, ∂i(tk) =

 tk, k < i
0, k = i
tk−1, k > i

sj : (APL)n −→ (APL)n+1, si(tk) =

 tk, k < j
tj + tj+1, k = j
tk+1, k > j.

Finally, the cdga APL(X) is defined as a set of simplicial maps

APL(X) = HomSimp (S q(X), APL) .

More concretely, a map ϕ ∈ AnPL(X) assigns to each singular k-simplex in X, an
element of degree n in (APL)k that is compatible with the face and degeneracy
maps.

This construction ensures that we have the following isomorphism at the level
of cohomologies:

H
q
(APL(X)) ∼= H

q
(X;Q).

Note that any cdga weak equivalent to APL(X) still computes the rational
cohomology of X; even more, both cdgas contain the same topological
information of X.

Definition 1.1.5. A cdga (A, d) is a model for X if it is weak equivalent to
APL(X). Moreover, every model for X factors through the minimal model
(∧V, d) in the zig-zag:

(A, dA) (∧V, d) APL(X).' '

For this thesis, Sullivan’s approach will be more relevant. This is because we
want to study homotopy invariants of possibly singular varieties, and Quillen’s
approach does not offer a model for such spaces.

We will use Sullivan’s cdgas in Chapter 4, where we will need to improve the
notion of de Rham’s algebra of differential forms to algebraic varieties. Indeed,
the cdga APL(X) plays a very similar role to de Rham’s algebra of differential
forms ΩdR(X). In particular, for a connected manifold X we have

H
q
(APL(X))⊗Q R ∼= H

q
(ΩdR(X)).



18 ALGEBRAIC TOOLS

1.2 Homotopy algebras

Although dgas and dglas are well understood, there are certain statements that
cannot be proven without bypassing to their strongly homotopy generalizations.
For instance, one key observation in [Kon03] is that formality is better detected
as an L∞ quasi-isomorphism.

Throughout this manuscript, it will also become aparent that the right framework
to study deformation theory is at the level of L∞ algebras rather than dglas.
This is because the categories dga and dgla are not homotopy stable.

For our purposes, A∞ and L∞ algebras will not only be convenient, but also
necessary. This becomes obvious in Chapter 4, where transfer theorems are
used in several occasions.

It is worth noting that there are different ways to define homotopy algebras:
in the present section we follow [Kel01], [LM95] and [LV12] to recall Stasheff’s
original definition from [Sta18].

1.2.1 The A∞ world

Definition 1.2.1. An A∞ algebra is a Z-graded vector space A =
⊕

r∈NA
r

together with a collection of degree 2− n multilinear maps{
νn : A⊗n → A

}
n≥1

that satisfy the generalized associative relation:∑
p+q+r=n

(−1)p+qrνp+r+1(1⊗p ⊗ νq ⊗ 1⊗r) = 0

for n ≥ 1. When applied to elements, these formulas acquire extra signs
according to the Koszul rule.

A morphism of A∞ algebras f : (A, ν)→ (B, ν′) is a collection of degree 1− n
multilinear maps {

fn : A⊗n −→ B
}
n≥1

satisfying the relation∑
p+q+r=n
p+r+1=k

(−1)p+qrfk(1⊗p ⊗ νq ⊗ 1⊗r) =
∑

i1+···+ik=n
(−1)εν′k(fi1 ⊗ · · · ⊗ fik)

for k, n ≥ 1, where ε is the same as in Definition 1.2.6, i.e.,

ε = (k − 1)(i1 − 1) + (k − 2)(i2 − 1) + · · ·+ 2(ik−2 − 1) + (ik−1 − 1).
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Furthermore, we say that an A∞ morphism is a weak equivalence if f1 is a
quasi-isomorphism.

Definition 1.2.2. Let (A, ν) be an A∞ algebra. A (left) A∞ module over A is
a differential graded vector space (M,m1) together with a collection of graded
linear maps {

mn : A⊗(n−1) ⊗M −→M
}
n≥1

of degree 2− n such that the following relation∑
p+q+r=n

(−1)r−pqmp+r+1(1⊗p ⊗ νq ⊗ 1⊗r) = 0

holds for r > 0 and ∑
p+q=n

(−1)pqmp+1(1⊗p ⊗mq) = 0

holds for r = 0. A morphism of A∞ modules over A f : (M,m)→ (N,m′) is a
collection of degree 1− n multilinear maps{

fn : A⊗(n−1) ⊗M −→ N
}
n≥1

such that for each n ≥ 1 we have∑
r+s+t=n
r+t+1=u

(−1)rs+tfu(1⊗r ⊗ms ⊗ 1⊗t) =
∑
s+t=n

(−1)s(t+1)m′s+1(1⊗s ⊗ ft),

with r, t ≥ 0 and s ≥ 0. Again, we call such a morphism a weak equivalence if
f1 is a quasi-isomorphism.

1.2.2 The L∞ world

Notation 1.2.3. For a graded vector space L =
⊕

i∈N L
i and two homogeneous

elements a, b ∈ L, the Koszul sign of their transposition is defined as (−1)|a||b|.
More generally, for n homogeneous elements a1, . . . , an ∈ L, and any n-
permutation σ, the χ(σ) = χ(σ; |a1|, . . . , |an|) is the product of the Koszul signs
of the transpositions necessary to permute (aσ(1), . . . , aσ(n)) to (a1, . . . , an).

Definition 1.2.4. A graded antisymmetric multilinear map on a graded vector
space L is a linear map of graded vector spaces

ln : L⊗n → L
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such that
ln(aσ(1), . . . , aσ(n)) = χ(σ)ln(a1, . . . , an)

for every n-permutation σ and homogeneous ai ∈ L, where we write commas
instead of tensor symbols between the ai.

Definition 1.2.5. An L∞ algebra is a graded vector space L together with a
collection of graded antisymmetric multilinear maps

{ln : L⊗n → L}n≥1

called the higher-order L∞ multiplication maps, such that ln has degree 2− n
and the generalized Jacobi identity∑
i+j=n+1

∑
σ∈Σ(i,n−i)

χ(σ)(−1)i(j−1)lj(li(aσ(1), . . . , aσ(i)), aσ(i+1), . . . , aσ(n)) = 0

holds for any homogeneous elements a1, . . . , an ∈ L, where Σ(i, n− i) is the set
of (i, n− i)-unshuffles with i ≥ 1, that is, the subset of n-permutations σ such
that σ(1) < · · · < σ(i) and σ(i+ 1) < · · · < σ(n).

For a simpler notation, we will denote

Sn = {(i, j, σ) | σ ∈ Σ(i, n− i), i ≥ 1, and i+ j = n+ 1}

I = (1, . . . , n), aσ(I) = (aσ(1), . . . , aσ(n)),
and the generalized Jacobi identity as:∑

(i,j,σ)∈Sn

χ(σ)(−1)i(j−1)lj(li ⊗ 1⊗(j−1))(aσ(I)) = 0.

For the following definition, see for example [LV12, Proposition 10.2.7].

Definition 1.2.6. A morphism of L∞ algebras f : L → L′ is a collection of
degree 1− k graded antisymmetric multilinear maps

{fk : L⊗k → L′}k≥1

such that for any aI = (a1, . . . , an) with ai ∈ L homogeneous and n ≥ 1,∑
(i,j,σ)∈Sn

χ(σ)(−1)i(j−1)fj(li ⊗ 1⊗(j−1))(aσ(I)) =

=
∑

(k1,...,kj ,τ)∈Sj,n

χ(τ)(−1)εl′j(fk1 ⊗ · · · ⊗ fkj )(aτ(I)),
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where: l and l′ are the structure operations on L and L′ respectively; Sj,n

is the set of tuples (k1, . . . , kj , τ) with ki ≥ 1, k1 + . . . + kj = n, and τ is an
n-permutation which preserves the order within each block of length ki; and

ε = (j − 1)(k1 − 1) + (j − 2)(k2 − 1) + . . .+ 2(kj−2 − 1) + (kj−1 − 1).

In particular, in the right hand side, we have:∑
τ∈Sk1+···+kj=n

χ(τ)
j! l′j(fk1(aτ(1), . . . , aτ(k1)), fk2(aτ(k1+1), . . . aτ(k1+k2)), . . .

. . . , fkj (aτ(kn−kj−1+1), . . . , aτ(n))).

Remark 1.2.7. The following are known easy consequences of the definitions:

(1) For an L∞ algebra L, the first operation l1 : Li → Li+1 satisfies the
condition that l1 ◦ l1 = 0, that is, (L, l1) is a complex. By HL we always
denote the cohomology of (L, l1) as a graded vector space. The second
operation l2 : Li ⊗ Lj → Li+j is compatible with the differential l1 in the
sense that it induces a degree zero graded antisymmetric bilinear map

l2 : HL⊗HL→ HL.

(2) For a morphism f : L→ L′ between two L∞ algebras, the first component
f1 : L → L′ satisfies the condition that l′1 ◦ f1 = f1 ◦ l1, that is, f1 is a
morphism of complexes. Hence f induces a graded linear map of graded
vector spaces HL→ HL′.

(3) An L∞ algebra L is a dgla if and only if li = 0 for i ≥ 3. In this case l1 is
the differential and l2 is the Lie bracket.

(4) The category of dglas is a subcategory of the category of L∞ algebras. It
is however not a full subcategory; there are L∞ morphisms between two
dglas which are not dgla morphisms.

Definition 1.2.8. A morphism of L∞ algebras f : L→ L′ is a weak equivalence
if the map of complexes f1 : (L, l1)→ (L′, l′1) is a quasi-isomorphism.

Definition 1.2.9. An L∞ algebra L is minimal if l1 = 0 vanishes.

Note that any weak equivalence of minimal L∞ algebras is automatically an
L∞ isomorphism.

Theorem 1.2.10 ([Kon03]). For each L∞ algebra L, there exists, up to
isomorphism, a minimal L∞ algebra Lmin together with two weak equivalences
f : L→ Lmin and g : Lmin → L, such that fg is the identity on Lmin.
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Proof. For a complete proof of this theorem, see [Mar12, Theorem 7.9]

For the following two theorems see [Kon03, §4] and [LV12, Theorem 11.4.9].
We will elaborate more on the first theorem in 4.3.1, as it is a consequence of
the transfer theorem.

Theorem 1.2.11. For every L∞ algebra L, there exists an L∞ algebra structure
l = {ln}n≥1 on HL with l1 = 0 and l2 inherited from L, and such that L is L∞
weakly equivalent to (HL, l). The choice is unique up to L∞ isomorphisms.

Theorem 1.2.12. Two dglas are homotopy equivalent if and only if there exists
an L∞ morphism between them which is a weak equivalence. More generally, a
weak equivalence of L∞ algebras admits an inverse weak equivalence.

Definition 1.2.13. An L∞ algebra L is formal if it is weak equivalent to
(HL, 0, l2, 0, 0, . . . ), where l2 is inherited from L.

Proposition 1.2.14 ([LM95]). Given an A∞ algebra structure {νn} on a
graded vector space A, one can associate to it an L∞ algebra structure {ln} on
A: for a1, . . . , an ∈ A,

ln (a1, . . . , an) :=
∑
σ

χ(σ)νn(aσ(1), . . . , aσ(n)),

where the sum is over all n-permutations. This correspondence defines a functor
from the category of A∞ algebras to that of L∞ algebras preserving weak
equivalences.

Modules over L∞ algebras are also going to be very important. However, we
postpone their definition until Section 4.1.1, where we prove several key results
right away.

1.2.3 Transfer theorem for A∞ algebras

We state here an explicit form of the A∞ homotopy transfer theorem following
[Mar06] and [Kop17, §3]. For the long history behind this theorem see [Hue11].

Definition 1.2.15. A homotopy transfer diagram over K is a diagram

A B
f

h
g

together with the following data:
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• (A,µ1) and (B, ν1) are cochain complexes of K-vector spaces,

• f : (A,µ1) → (B, ν1) and g : (B, ν1) → (A,µ1) are morphisms of
complexes,

• h is a collection of linear maps hn : An → An−1 such that 1A − gf =
µ1h+ hµ1.

Definition 1.2.16. Given a homotopy transfer diagram as above with
(A,µ1, µ2, µ3, . . .) an A∞ algebra, the associated p-kernels

pn : A⊗n −→ A (n ≥ 2)

are the linear maps of degree 2− n defined inductively as

pn :=
∑
B(n)

(−1)θ(r1,...,rk)µk((h ◦ pr1)⊗ . . .⊗ (h ◦ prk)),

where
h ◦ p1 := 1A,

θ(r1, . . . , rk) :=
∑

1≤i<j≤k
ri(rj + 1), and

B(n) := {(k, r1, . . . , rk) | k ≥ 2, r1, . . . , rk ≥ 1, r1 + . . .+ rk = n}.

The associated q-kernels

qn : A⊗n −→ A (n ≥ 1)

are the linear maps of degree 1 − n defined inductively by q1 := 1A, and for
n ≥ 2 by

qn :=
∑
C(n)

(−1)n+ri+θ(r1,...,ri)µk((ψφ)r1 ⊗ . . .⊗ (ψφ)ri−1 ⊗ (h ◦ qri)⊗ 1k−iA )

where

C(n) := {(k, i, r1, . . . , ri) | k, i, r1, . . . , ri ∈ N, 2 ≤ k ≤ n, 1 ≤ i ≤ k,

r1, . . . , ri ≥ 1, r1 + . . .+ ri + k − i = n},

(ψφ)m := gf ◦ qm +
∑
B(m)

(−1)θ(r1,...,rk)(h ◦ pk)((gf ◦ qr1)⊗ . . .⊗ (gf ◦ qrk)).

One has the following explicit form of the A∞ homotopy transfer theorem, after
[Mar06] and [Kop17, Section 3]:
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Theorem 1.2.17. Let

A B
f

h
g

be a homotopy transfer diagram with (A,µ1, µ2, µ3, . . .) an A∞ algebra, and
consider the associated p-kernels and q-kernels. Define

νn := f ◦ pn ◦ g⊗n, φn := f ◦ qn, ψn := h ◦ pn ◦ g⊗n, Hn := h ◦ qn.

Then

• (B, ν1, ν2, ν3, . . .) is an A∞ algebra structure on (B, ν1),

• ψ = (g, ψ2, ψ3, . . .) is an A∞ morphism from (B, ν) to (A,µ),

• φ = (f, φ2, φ3, . . .) is an A∞ morphism from (A,µ) to (B, ν),

• the composition ψφ is A∞ homotopy equivalent with 1A via H =
(h,H2, H3, . . .).

If in addition, fg is also homotopy equivalent with 1B (so, f and g are homotopy
equivalences of each other), then ψ and φ are weak equivalences.

We do not recall here what a homotopy is between two A∞ morphisms; see loc.
cit. for definition. We will only use homotopy transfer diagrams where f and g
are homotopy equivalences, so that the last conclusion holds.

The theorem implies the following minimality statement:

Theorem 1.2.18 ([Kad80]). Let A be a dga. Let H be the cohomology A.
Then there exists an A∞ algebra structure (H, 0, ν2, ν3, . . .) with ν2 given by
the multiplication of A, and an A∞ morphism H

∼−→ A which is a quasi-
isomorphism.

Proof. We recall the proof. Let d be the differential on A. Let Z = ker d,
B = d(A), K = A/Z. Let Zn = Hn ⊕ Bn be a splitting of 0 → Bn → Zn →
Hn → 0 and An = Zn⊕Kn a splitting of 0→ Zn → An → Kn → 0. The total
splitting An = Hn ⊕Bn ⊕Kn defines a projection f : A→ H and an injection
g : H → A which are morphisms of complexes, together with a homotopy
h : A → A such that 1A − gf = dh + hd. Here h(α, d(β), γ) = (0, 0, β) for
α ∈ Hn, β ∈ Kn−1, γ ∈ Kn. Note that d gives a bijection between Kn−1

and Bn. The triple (f, g, h) is thus a homotopy transfer diagram between the
complexes (A, d) and (H, 0). In addition, f and g are homotopy equivalences
since fg = 1H . So Theorem 1.2.17 applies.
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Corollary 1.2.19. Let

A B
f

h
g

be a homotopy transfer diagram, where (A,µ1, µ2, µ3, . . .) is an A∞ algebra and
(B, ν1) is a complex. Suppose in addition that all the components Ai and Bi
admit an extra grading

Ai =
⊕
p

Aip and Bi =
⊕
p

Bip

such that all µn, ν1, f , g, and h are compatible with the extra grading, that is,
the restrictions of these maps to a multigraded component have image in the
“right” bigraded component as described by:

µn : Ai1p1
⊗ . . .⊗Ainpn → Ai1+...+in+2−n

p1+...+pn and ν1 : Bip → Bi+1
p ,

f : Aip → Bip, g : Bip → Aip, h : Aip → Ai−1
p .

Then all the maps νn, φn, ψn, Hn from Theorem 1.2.17 are also compatible
with the extra grading, that is, their restrictions to a multigraded component
have image in the “right” multigraded component, e.g.

νn : Bi1p1
⊗ . . .⊗Binpn → Bi1+...+in+2−n

p1+...+pn . (1.1)

Proof. Since the compositions and tensor products of graded maps are graded,
it suffices to prove that the p-kernels pn and the q-kernels qn are compatible
with the extra grading. The same observation applies now to the inductive
definition of pn and qn.

Kadeishvili’s theorem also extends to extra gradings:

Corollary 1.2.20. Let A be a dga with an extra grading on each Ai, compatible
with the differential and the multiplication. Let H be the cohomology A, with the
induced extra grading on each Hi. Then there exists an A∞ algebra structure
(H, 0, ν2, ν3, . . .) and an A∞ quasi-isomorphism ψ : H ∼−→ A, such that all νn
and ψ are compatible with the multigrading induced by the extra grading, as in
(1.1).

Proof. The proof is a just a graded version of the proof of Kadeishvili’s theorem.
Let

Zp = ker dp, Bp = dp(Ap), Kp = Ap/Zp,
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where dnp : Anp → An+1
p are the components with respect to the extra grading of

the differential d of A. Let Znp = Hn
p ⊕Bnp be a splitting of

0→ Bnp → Znp → Hn
p → 0

and Anp = Znp ⊕Kn
p a splitting of

0→ Znp → Anp → Kn
p → 0.

The splittings Anp = Hn
p ⊕Bnp ⊕Kn

p define a projection fp : Ap → Hp and an
injection gp : Hp → Ap which are morphisms of complexes, together with a
homotopy hp : Ap → Ap[−1] such that 1A − gf = dh+ hd with

f =
⊕
p

fp, g =
⊕
p

gp, and h =
⊕
p

hp.

The triple (f, g, h) is thus a homotopy transfer diagram between the complexes
(A, d) and (H, 0), such that the maps f , g, h, d, and the multiplication on A,
are compatible with the extra grading. So the previous corollary applies.

1.3 Operadic algebras

To make matters worse, homotopy algebras can also be viewed as algebras
over some operad P. In this section we briefly recall what an operad is; but
most importantly we define algebras over operads, and we study some of their
properties.

One of the advantages of working with algebras over operads is that we can prove
general statements that simultaneously hold for different homotopy algebras (be
it A∞, L∞, C∞, etc.). And this is precisely what we intend to do in Chapter 3.

1.3.1 Operads and cooperads

Notation 1.3.1. Denote by dgMod the category of complexes of K-modules;
objects in dgMod will be called dg modules. We adopt the cohomological point
of view, and say that the differential of a dg module V ∈ dgMod is of degree
+1. Furthermore, if V ∈ dgMod is a dg module, and x ∈ V is a homogeneous
element, we will denote by x the cohomological degree of x.

In broad terms, an operad is a prototypical algebra used to describe algebraic
structures in symmetric monoidal categories. They are represented by a set of
abstract n-ary operations (P(n))n∈N equipped with
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• right actions of symmetric groups ρn : Sn → Hom(P(n),P(n)),

• a unit ι : I → P(1), and

• composition maps

P(n)⊗ P(i1)⊗ P(i2)⊗ · · · ⊗ P(in)→ P(i1 + · · ·+ in).

Furthermore, associativity and unitality should hold. Operads are often depicted
as a set of rooted trees: this makes it easier to describe certain operations, as
well as composition between those.

Dually, one can also define a cooperad C by reversing the rooted trees and
equipping C with a decomposition map and a counit; while still having to satisfy
coassociativity and counitality.

A morphism of (co)operads preserves the (co)operads structure.

In Chapter 3 we are interested in formality criteria for algebras over dg Koszul
operads. These are quadratic operads under some nice acyclicity conditions, see
[LV12, Theorem 7.4.2].

We start with P(E,R) being a quadratic operad; i.e., an operad generated by
operations of arity 2 associated to the quadratic data (E,R) see [LV12, Section
7.1]. An important feature of quadratic (co)operads is that they can be endowed
with a natural weight grading, see [LV12, Sections 7.1.2 and 7.1.3]). Weight
grading becomes important in the next subsections, especially in relation to
spectral sequences.

More specifically, a weight grading on a (co)operad P (C) is a decomposition

P = Kid⊕ P(1) ⊕ · · · ⊕ P(w) ⊕ . . . ,

where both the differential and the (de)composition map are compatible with the
total weight. Furthermore, morphisms between such (co)operads also preserve
the weight.
Remark 1.3.2. An operad P such that P(0) = 0 is called reduced. Such operads
have the following canonical weight grading:

P(k) := P(k + 1).

This weight grading can be carried over to P-algebras. In particular, P(V )
can be written as a decomposition P(V )(w) := P(w) ◦ (V, 0, 0, . . . ), see [LV12,
Section 5.7.1] for more details. The same holds for reduced cooperads and their
coalgebras. All the operads that we consider are reduced.
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For this manuscript, it will not be necessary to directly work with operads.
Instead we will work with algebras over operads: these are a much more
concrete realization of operads. They are dg modules A equipped with the n-ary
operations and compositions according to the operad P. A classical analogy
would be to compare these two objects with a group and its representations.

1.3.2 Homotopy P-algebras

Let P be a dg Koszul operad as in [LV12, Section 7.4.3]. Moreover, we assume
that the generating operations of P are of cohomological degree 0, as this
simplifies some of our arguments. Now, consider the Koszul dual cooperad
C = P ¡ of P, as described in [LV12, Section 7.2.1].

Definition 1.3.3. A homotopy P-algebra is an algebra over the Koszul dual
operad ΩC.

Alternatively, homotopy P-algebras will also be called P∞-algebras, where P∞
stands for the canonical resolution ΩC of P.

Here is a different way to view such objects. Let A ∈ dgMod be a dg module.
Then a P∞ structure on A is the same as a codifferential of degree +1 on the
cofree C-coalgebra C(A) cogenerated by A[1], see [LV12, Section 10.1.8]. For
example, for P = Lie, a Lie∞ (or just L∞) algebra structure on A is the datum
of a degree +1 coderivation Q on the cofree coassociative coalgebra cogenerated
by A[1].

Note that C(A) is cofree as a C-coalgebra, and thus we have the following
isomorphism by [LV12, Proposition 6.3.8]:

Coder(C(A)) ' Hom(C(A), A),

where the right hand side is the internal hom of complexes. Now, given that
Coder(C(A)) can be seen as a graded Lie algebra, we can endow Hom(C(A), A)
with a graded Lie bracket. In the case of P = Lie, this is commonly known as
Nijenhuis-Richardson bracket.

An important observation here is that C(A) is a graded complex : by this we mean
that it has an internal grading, coming from the fact that A has a cohomological
grading itself; but also an external grading, coming from the fact that it is
a cofree coalgebra. To avoid confusion, we will refer to this external grading
by calling it weight (as it is induced by the canonical weight grading on the
cooperad C), while the internal grading will be called degree. Finally, the weight
grading on C(A) automatically gives an additional grading on Hom(C(A), A).
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The induced weight grading on Coder(C(A)) is compatible with the Lie bracket
of coderivations. More specifically, the Lie bracket can be seen as a morphism
of graded complexes

Coder(C(A))⊗ Coder(C(A))→ Coder(C(A)).

Consider now a codifferential Q ∈ Coder(C(A)), that is to say a coderivation of
cohomological degree 1 which squares to zero. With such Q, the dg module A
becomes a P∞-algebra, which will be denoted by (A,Q). Since C(0) = I, the
weight zero component of Q must be zero itself, and thus Q can be thought of
as an infinite sum

Q = q1 + q2 + . . .

where qi has weight i.

The relevance of the weight grading on Coder(C(A)) can be seen in the following
result.
Proposition 1.3.4. Let (A,Q) be a P∞-algebra. Then the following are
equivalent:

(1) the algebra (A,Q) is a strict P-algebra;

(2) the codifferential Q is concentrated in weight 1.

Proof. This is an immediate consequence of [LV12, Proposition 10.1.4].

The interpretation of P∞ structures in terms of codifferentials is particularly
nicely suited to define P∞-morphisms.
Definition 1.3.5. A morphism of P∞-algebras f : (A,Q)→ (B,R) is a map
of C-coalgebras C(A)→ C(B) commuting with the codifferentials Q and R.

Note that P∞-morphisms also have a weight grading decomposition. More
specifically, every morphism of C-coalgebras C(A) → C(B) is completely
determined by the composite

C(A)→ C(B)→ B,

as C(B) is cofree. Let us denote by EndAB the S-module defined by
EndAB(n) := Hom(A⊗n, B).

Then a linear map C(A) → B is equivalent to an element of HomS(C,EndAB),
and as before the weight grading on C induces a decomposition

f = (f1, f2, . . . ).
In particular, the component f1 gives a map of complexes A→ B.
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Definition 1.3.6. We say that a map f of P∞-algebras is a quasi-isomorphism
if the induced map f1 : A→ B is a quasi-isomorphism of complexes in the usual
sense.

1.3.3 Filtrations

Let A be a P∞-algebra. In what follows, we will use the natural filtration
on Coder(C(A)) induced by the weight grading. It is actually convenient to
construct it in the slightly more general context of P∞-morphisms, as follows.

Take a P∞-morphism f : (A,Q)→ (B,R). This gives a map C(A)→ C(B) of
C-coalgebras, and by viewing C(A) as a C(B)-comodule we can construct the
complex

Coder(C(A), C(B); f).

The differential in here is induced by the two differentials Q and R on C(A)
and C(B) respectively. In the case of P = Lie, this is precisely the Chevalley-
Eilenberg complex of a L∞-map, as constructed in [Man15, Definition 5.2].

Since C(B) is cofree, every coderivation C(A)→ C(B) is completely determined
by the composition

C(A)→ C(B)→ B.

Moreover, as mentioned before there is a weight grading decomposition

C(A) =
⊕
i≥0
C(A)(i)

on the cofree coalgebra C(A), which in turn induces a decomposition

Coder(C(A), C(B); f) =
∏
i≥0

Coder(C(A), C(B), f)(i).

Therefore, we define a filtration

F pCoder(C(A), C(B); f) :=
∏
i≥p

Coder(C(A), C(B), f)(i).

In the special case where f is the identity of a P∞-algebra (A,Q), the
corresponding filtration on Coder(C(A)) will be denoted by F pCoder(C(A)).
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1.3.4 Spectral sequences

We recall the classical construction of the cohomology spectral sequence
associated to a filtered cochain complex. We mainly use this subsection to fix
our notation of spectral sequences. A standard reference is the book [Wei94].

Let (C, d) be a cochain complex, equipped with a decreasing filtration indexed
by p ∈ Z

· · · ⊂ F p+1C ⊂ F pC ⊂ F p−1C ⊂ . . . ,

where we assume that the differential d satisfies d(F pC) ⊂ F pC.

If we define
Zp,q := {x ∈ F pCp+q | dx ∈ F p+rCp+q+1}

to be the set of r-almost (p, q)-cocycles, then the associated cohomology spectral
sequence E(C)p,qr is defined to be

Ep,qr := Zp,qr

Zp+1,q−1
r−1 + dZp−r+1,q+r−2

r−1
.

The differential
dr : Ep,qr → Ep+r,q−r+1

r

on the r-th page of the spectral sequence is induced by the differential d of the
complex C. For notational convenience, we will sometimes drop the index q,
and use the notation

Zpr =
⊕
q

Zp,qr , Epr =
⊕
q

Ep,qr .





Chapter 2

Deformation Theory

One of the major problems in moduli theory is the lack of corepresentability
of a given classifying space. For a moduli spaceM to be corepresentable we
require the existence of a contravariant functor

F : AlgK −→ Set,

such that F ' HomAlgK
(OM,−). In this case, we are parametrizing a collection

of objects F(A), up to weak equivalences, by A ∈ AlgK.

There are several ways to tackle this representability issue. One of the most
successful approaches has been that of deformation theory. Roughly speaking,
this consists in restricting the domain of the moduli functor to the category ArtK
of Artinian local K-algebras of finite type, i.e., we study the local description of
M. Thus, the deformation theory of a point P ∈M translates to studying the
associated deformation functor

Def : ArtK −→ Set.

This functor is indeed pro-representable by the analytic germM(P ), namely
it assigns for each A ∈ ArtK the set HomArtK(OM(P ) , A). Although we are
mainly concerned with the algebraic side of deformation theory, the geometric
picture describes how our collection of objects behaves under infinitessimal
deformations, which take place in the tangent spaces of those objects.

Ultimately, this description is very effective to work around problems of stability
of the moduli space. In fact, one can study deformation theory without the
need to consider additional geometrical structures on the moduli space itself.
The mantra behind this is that the local study of moduli spaces behaves well
even if the global study does not.

33
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2.1 Deformation functors via dglas

The deformation theory of a point P in a moduli spaceM is controlled by a
dgla C, which corresponds –geometrically– to the tangent space over P . This
idea was first presented by Deligne in a letter to Millson, and has been recently
formalized by the work of Lurie [Lur] and Pridham [Pri10].

Deligne’s Principle ([Del86]). Any deformation problem over a field of
characteristic zero is governed by a dgla C. Furthermore, two quasi-isomorphic
dglas govern the same deformation problem.

That a dgla C governs a deformation problem means that one can associate a
deformation functor to C:

Def (C,−) : ArtK −→ Set,

defined for every A ∈ ArtK with maximal ideal mA.

Before giving the construction of Def (C,−), we recall that a groupoid is a small
category C in which every morphism is an isomorphism. We will denote by IsoC
the set of isomorphism classes of C.

Definition 2.1.1. Given a dgla C, we define the Deligne functor

D(C,−) : ArtK −→ Grpd

A 7−→ D(C,A),

where the set of objects in D(C,A) is given by the set of solutions in C1 ⊗mA
to the Maurer-Cartan equation:

ObjD(C,A) :=
{
ω ∈ C1 ⊗K mA

∣∣ d(ω) + 1
2 [ω, ω] = 0

}
.

Furtermore, the morphisms in D(C,A) are given by the action of the group
exp(C0 ⊗mA) on C1 ⊗mA, known as the gauge action:

exp(λ) : α 7−→ α+
∞∑
n=0

[λ,−]n

n+ 1! ([λ, α]− d(λ)) , (2.1)

where λ ∈ C0 ⊗mA.

Finally, we define the deformation functor associated to a dgla C as follows:

Def (C,−) : ArtK −→ Set

A 7−→ IsoD(C,A).
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Remark 2.1.2. Note that the differential and the Lie bracket extend naturally
from C to C ⊗mA. See Lemma 2.2.3 for a more general statement.

Goldman and Millson [GM88] show that Def (C,−) is indeed well-defined and
that a quasi-isomorphism of dglas C ' D gives rise to a natural isomorphism of
functors Def (C,−) ∼= Def (D,−). In fact, in their paper they prove a stronger
statement.

Definition 2.1.3. A morphism of complexes is q-equivalent if it induces an
isomorphism on the cohomology up to degree q and a monomorphism at degree
q + 1. Two complexes are quasi-isomorphic when q =∞. Moreover, two dglas
are q-equivalent (resp. weak equivalent) if they can be connected by a zig-zag of
dgla morphisms that are q-equivalent (resp. quasi-isomorphisms) as morphisms
of complexes.

Theorem 2.1.4 ([GM88], Theorem 1). The deformation functor Def (C) only
depends on the 1-homotopy type of C. More precisely, if a morphism of dglas
f : C → D is 1-equivalent, then the induced transformation on functors f∗ :
Def (C)→ Def (D) is an isomorphism.

As one of the main applications to this theorem, Goldman and Millson used the
seminal paper of Deligne, Griffiths, Morgan, and Sullivan [DGMS75] to prove
the following result.

Theorem 2.1.5 ([GM88], §7). Let X be a compact Kähler manifold. Consider
the representation variety Hom(π1(X), G), where G is a linear algebraic group
over K. If ρ ∈ Hom(π1(X), G) is a representation such that its image lies in a
compact subgroup of G, then the representation variety is quadratic at ρ.

The proof of this statement relies on the formality results of [DGMS75]. In
this case, formality allows the deformation functor to be described by the
cohomology of the governing dgla, and thus the Maurer-Cartan equation reduces
to a quadratic equation.

2.2 Deformation functors via L∞ algebras

In this section we follow the expositions of [Man04] and [Get09] to extend
deformation functors to the level of L∞ algebras.

There are several reasons to work with L∞ algebras rather than dglas. More
often than not, the dglas that appear in deformation theory tend to be infinite
dimensional. A standard approach is to replace the dgla C for its cohomology
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HC, which is usually finite dimensional. However, because of the lack of
homotopy stability in the category dgla, one cannot expect HC to still be a
dgla –unless C is formal, of course! That is, one needs to introduce the language
of L∞ algebras beyond formality.

Another crucial point where we need L∞ algebras is in Chapter 4, where we
explore the compatibility of the higher L∞ structure maps with mixed Hodge
structures.

In the following four definitions we extend Definition 2.1.1 to L∞ algebras.

Definition 2.2.1. Let L be an L∞ algebra with structure maps l = {ln}n≥1.
A Maurer-Cartan element in L is an element of degree 1, ω ∈ L1, that satisfies
the Maurer-Cartan equation ∑

n≥1

1
n! ln

(
ω⊗n

)
= 0.

We call MC(L) the set of all Maurer-Cartan elements in L.

Since we want to construct a functor from ArtK to Set, we consider the functor
MCL(−) := MC(L⊗−). This is well defined for all A ∈ ArtK, as L⊗A will be
a new L∞ algebra with the underlying graded vector space of L tensored by A.
The new structure has the form lAn = ln ⊗ idA.

Definition 2.2.2. Let L be an L∞ algebra with structure maps l = {ln}. The
associated Maurer-Cartan functor of L is the covariant functor

MCL : ArtK → Set,

defined for all Artinian local rings (A,mA) ∈ ArtK by

MCL(A) =

ω ∈ L1 ⊗mA

∣∣∣∣ ∑
n≥1

1
n! l

A
n

(
ω⊗n

)
= 0

 .

Here, the induced L∞ algebra structure on L⊗mA is

lAn (a1 ⊗ x1, . . . , an ⊗ xn) = ln(a1, . . . , an)⊗ x1 . . . xn,

or equivalently,
lAn = ln ⊗ idA.

Note that the sum in the formula is finite since the ideal mA of an Artinian
local ring A is nilpotent. More concretely, we have the following Lemma.
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Lemma 2.2.3. Let L be an L∞ algebra and m a commutative K-algebra. Then,
there exists a natural L∞ structure on the tensor product L⊗K m. Furthermore,
if m is nilpotent, then the L∞ algebra L⊗K m is nilpotent as well, making the
Maurer-Cartan equation in Definition 2.2.2 of finite order.

Proof. The structure maps of the tensor product L⊗m are given by

ln(a1 ⊗ x1, . . . , an ⊗ xn) = ln(a1, . . . , an)⊗ x1 . . . xn.

For the second part of the statement, if m is nilpotent for a given n, the result
follows from the relation above.

Definition 2.2.4. Let

K[t, dt] := K[t]⊕K[t]dt

be the cdga of polynomial forms on the affine line A1
K, that is, with t of degree

0, dt of degree 1, and the (expected) differential d(p(t) + q(t)dt) = p′(t)dt. For
a dga Z we denote by

Z[t, dt]
the dga Z ⊗K[t, dt]. For any c ∈ K and z(t, dt) ∈ Z[t, dt], there exists a unique
evaluation morphism of dgas Z[t, dt]→ Z, z(t, dt) 7→ z(c, 0), which sends t to c
and dt to 0.

For (A,mA) ∈ ArtK, A[t, dt] is a cdga, finite dimensional over K. The same
holds for mA[t, dt], which in addition is nilpotent.

The tensor product between an L∞ algebra and a cdga is naturally an L∞
algebra [Get09, §4]. In the particular case of L ⊗ mA[t, dt], the definition of
Maurer-Cartan elements becomes

MCL (A[t, dt]) :=
{
ω ∈

(
L⊗mA[t, dt]

)1 =
(
L1 ⊗mA[t]

)
⊕
(
L0 ⊗mA[t]dt

)
∣∣∣∣∣∑
n≥1

1
n! l

A[t,dt]
n

(
ω⊗n

)
=
(
idL ⊗ dA[t,dt]

)
(ω)
}
.

The evaluation of any element in this set at (t, dt) = (c, 0) is an element
in MCL(A) for any c ∈ K. Two elements ω1, ω2 ∈ MCL(A) are said to be
homotopy equivalent, if there exists an element z(t, dt) ∈ MCL(A[t, dt]) such
that z(0, 0) = ω1 and z(1, 0) = ω2.

In [Get09] and [Man04, §IX] it is shown that homotopy equivalences are
equivalence relations. Even more is true: for a dgla C, a homotopy equivalence
is the same as a gauge equivalence [FM07, §7].
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Definition 2.2.5. Let L be an L∞ algebra. The deformation functor of L is
the covariant functor

Def (L) : ArtK → Set,

defined for all (A,mA) ∈ ArtK by

Def (L) : A 7−→ MCL(A)/
∼
,

where ∼ denotes the homotopy equivalence relation between Maurer-Cartan
elements.

A morphism of L∞ algebras induces a morphism of the associated deformation
functors. Moreover, one has the L∞ algebra version of Theorem 2.1.4.

Theorem 2.2.6 ([Man04], Corollary IX.22). A weak equivalence of L∞ algebras
L→ L′ induces an isomorphism of deformation functors Def (L)→ Def (L′).

2.3 Deformation theory with constraints

A deformation problem with cohomology constraints corresponds to the local
study of the subschemes Vik,(P ) ⊂M(P ), known as the cohomology jump loci,
given by:

Vik =
{
P ∈M

∣∣ dimHi(P ) ≥ k
}
.

By work of Budur and Wang [BW15a], an analogous principle to Deligne’s holds
here: every deformation problem with cohomology constraints in characterstic
zero is governed by a dgl pair, see Definition 2.3.2. Furthermore, two quasi-
isomorphic dgl pairs give equivalent deformation theories. That is to say,
the Vik,(P ) ⊂ M(P ) pro-represent the cohomology jump deformation functors
Def ik(C,M) ⊂ Def (C) that we describe in Definition 2.3.3.

One of the main applications to the study of cohomology jump loci is the
following. Let X be a complex algebraic variety and consider the algebraic
group

MB = Hom(π1(X),C∗)

of rank one representations of π1(X). Then, Simpson proves in [Sim93] that
if X is smooth projective, the Vik(X) are special. In particular, they are
finite unions of torsion-translated algebraic subtori: this imposes restrictions
on the fundamental groups. More recently, Budur and Wang have improved
this result in [BW15b] by showing that the Vik(X) are also special for X
smooth quasi-projective. Such structure theorems have been extensively
studied over the years by works of Beauville [Bea88], Green-Lazarsfeld [GL91],
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Arapura [Ara92], Simpson [Sim93][Sim94], Dimca-Papadima [DP14], Budur-
Wang [BW15b][BW17c], among others. At the end of this section, we briefly
review some of the results that arise from deformation theory with cohomology
constraints.

2.3.1 Cohomology jump functors via dgl pairs

This section is based on [BW15a].

Definition 2.3.1. Let (C, dC , [− ,−]) be a dgla. A dgl module (M,dM ,m)
over C consists of a graded K-vector space

M =
⊕
i∈N

M i,

a differential
dM : M

q
→M

q+1

making M into a complex, and a bilinear map

m : C ⊗M →M

satisfying some compatibility conditions with the dgla structure on C. In
addition, we assume that M is bounded from above as a complex, and has
finitely generated cohomology.

Definition 2.3.2. Let C be a dgla and M a dgl module over C. We will call
the pair (C,M) a dgl pair. A morphism of dgl pairs

g : (C,M)→ (D,N)

consists of a morphism of dglas g1 : C → N and a C-module morphism
g2 : M → N , regarding N as a C-module via g1. Furthermore, a q-equivalence
between two dgl pairs is a zig-zag of morphisms of dgl pairs, each being a
1-equivalence on the dglas and a q-equivalence on the modules.

Definition 2.3.3. To a dgl pair (C,M) one can canonically associate for every
i, k ∈ Z the Deligne-Budur-Wang subfunctor of D(C,−),

Di
k(C,M ;−) : ArtK −→ Grpd

A 7−→ Di
k(C,M ;A),

where the objects in the groupoid Di
k(C,M ;A) are given by

Di
k(C,M ;A) =

{
ω ∈ C1 ⊗mA

∣∣∣∣ dC(ω) + 1
2 [ω, ω] = 0, J ik(M ⊗A, dω) = 0

}
.
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Note that
dω(−) = dM (−) + ω · (−),

where dM and the multiplication of C on M are naturally extended to the dgl
pair (C ⊗A,M ⊗A). Moreover, dω makes M ⊗A into a complex of A-modules,
and the J ik of this complex correspond to the cohomology jump ideals in A
which we recall in the next subsection.

Finally, similarly to Definition 2.1.1, the equivalence relation is given by the
gauge action of C0 ⊗mA. At this point we can define the cohomology jump
functor

Def ik(C,M ;−) : ArtK −→ Set

A 7−→ IsoDi
k(C,M ;A).

In an analogous way to Section 2.1, [BW15a] show that the cohomology jump
functors are well-defined and that a morphism of dgl pairs induces a morphism
of cohomology jump functors. Furthermore, in the fashion of Theorem 2.1.4,
we have:

Theorem 2.3.4 ([BW15a], Theorem 1.2). The cohomology jump functor
Def ik(C,M) only depends on the i-equivalence type of (C,M). More precisely,
if a morphism of dgl pairs (f, g) : (C,M) → (C ′,M ′) satisfies that f is 1-
equivalent and g is i-equivalent, then the induced transformation on functors
(f, g)∗ : Def ik(C,M)→ Def ik(C ′,M ′) is an isomorphism for all k.

2.3.2 Cohomology jump ideals

We now review the main properties of the cohomology jump ideals. These are
generalizations of the classical Fitting ideals [Eis95, §20.2].

Definition 2.3.5 ([BW15a], §2). Let R be a noetherian commutative ring and
let M q be a complex of R-modules, bounded above, with finitely generated
cohomology. Then, there always exists a bounded above complex F q of finitely
generated free R-modules and a quasi-isomorphism of complexes g : F q ∼−→M

q.
The cohomology jump ideals of M q are the ideals in R defined as

J ik(M
q
) = Irk(F i)−k+1(di−1 ⊕ di),

where di : F i → F i+1 are the differentials of the complex F q and Ir is the ideal
generated by the size r minors. The cohomology jump ideals do not depend on
the choice of the free resolution.
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We recall below some properties of the cohomology jump ideals proven in
[BW15a, §2]:

Proposition 2.3.6. Let R be a noetherian commutative ring and let M q
and M ′

q be complexes of R-modules, bounded above, with finitely generated
cohomology. If M q is quasi-isomorphic to M ′ q, then J ik(M q) = J ik(M ′ q).
Proposition 2.3.7. Let R and M q be as above, and let S be a noetherian R
algebra. Moreover, suppose M q is a complex of flat R-modules. Then there is
an equality of ideals of S

J ik(M
q
) · S = J ik(M

q
⊗R S).

Proposition 2.3.8. Let R andM q be as above. SupposeM q is a complex of flat
R-modules. Let m be a maximal ideal of R. Then dimR/m(Hi(M q⊗R/m)) ≥ k
if and only if J ik(M q) ⊂ m.

Proposition 2.3.9. Let (R,m) be a noetherian local ring and let f : M q→M ′
q

be a q-equivalence between two bounded-above complexes of free R-modules with
finitely generated cohomology. If

f ⊗ idR/m : M
q
⊗R R/m→M ′

q
⊗R R/m

is also a q-equivalence, then we have for all i ≤ q:

J ik(M
q
) ∼= J ik(M ′

q
).

2.3.3 Applications to moduli spaces

In this subsection we review some of the results concerning the cohomology
jump loci inMB(X),

Σik(X) =
{
L ∈MB(X)

∣∣ dimHi(X,L) ≥ k
}
.

Here L corresponds to the unique C-local system of rank one associated to a
representation ρ ∈MB(X).

The first theorem we state is due to Simpson:

Theorem 2.3.10 ([Sim93], Theorem 4.2). Let X be a connected smooth
projective variety. Then each Σik(X) is a finite union of translates of subtori in
MB(X).

The proof of which was adapted in [BW17c] to quasi-compact Kähler manifolds
by generalizing the Betti-de Rham sets, a key and technical part of Simpson’s
argument.
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We give some background first. For a connected topological space X, let
APL(X) be Sullivan’s cdga of piecewise smooth C-forms on X. It is known
that APL(X) governs structure of the Σi

k(X) around the constant sheaf
[DPS09][DP14][BW15a].

If APL(X) is equivalent to a finite-dimensional cdga, then every component of
Σik(X) containing the constant sheaf is a subtorus. The reason is that in this
case one can construct closed subschemes R i

k(X) in H1(X,C), called resonance
varieties, whose image under the exponential map recovers the components
of Σi

k(X) containing the constant sheaf. Then one can apply the following
exponential Ax-Lindemann statement.

Lemma 2.3.11 ([BW17c], Corollary 2.2). Suppose (W, 0) and (V, 1) are
analytic germs of two algebraic sets in Cn and (C∗)n, respectively. If the
exponential map exp : Cn → (C∗)n induces an isomorphism between (W, 0) and
(V, 1), then (V, 1) is the germ of a finite union of subtori.

This, together with the fact that APL(X) is equivalent with a finite-dimensional
cdga if X is a quasi-compact Kähler manifold [Mor78], we get the following
theorem.

Theorem 2.3.12 ([BW17c], Theorem 1.1). Let X be a connected quasi-compact
Kähler manifold. Then each Σik(X) is a finite union of translates of subtori in
MB(X).

In the same paper, Budur and Wang provide another theorem which is more
relevant for the present thesis. They prove it by using Lemma 2.3.11 together
with the theory of Subsection 2.3.1.

Theorem 2.3.13 ([BW17c], Theorem 1.3). Let X be a connected topological
space, and let X be homotopy equivalent to a finite CW complex.

(1) If the real homotopy type of X is weak equivalent to a finite dimensional
cdga, then each irreducible component of Σik(X) passing through the origin
is a subtorus.

(2) Let ρ ∈MB(X). If the cdga pair (ΩdR(X),ΩdR(Lρ)) is weak equivalent
to another cdga pair (C,M) such that M has finite dimension on each
degree, then every irreducible component of Σik(X) passing through ρ is a
translate subtorus.

With this, we conclude all the preliminaries. In Chapter 4 we generalize the
constructions of Section 2.3.1 using the tools introduced in Chapter 1 and
Section 2.2 to improve these theorems to the case where X is possibly singular.
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In particular, Theorem 4.4.1 provides a generalization of Theorem 2.3.13 where
part (1) is extended to the A∞ setting, and part (2) to the L∞ setting. Having
the extra structure of A∞ and L∞ algebras will ultimately allow us to consider
more general varieties.





Chapter 3

Formality criteria for algebras
over operads

This chapter is based on joint work with Valerio Melani [MR19].

The concept of formality has deep consequences in homotopy. In particular,
formality of the APL(X) implies that the rational homotopy type of X is entirely
determined by its cohomology. As previously mentioned, this is precisely what
is shown in [DGMS75] for X being a compact Kähler manifold.

In the context of deformation theory, formality provides an easier description
of the deformation functors: the dgla can be replaced by its cohomology and
therefore the Maurer-Cartan equation reduces to a quadratic equation.

In view of the several applications of formality, a question one could ask is:
how does one detect formality? Kaledin [Kal07] and Manetti [Man15] give
partial answers to this question when the object of study is a dga and a dgla,
respectively. However, both criteria have different forms and arguments. The
goal of this chapter is to unify both criteria at the level of algebras over operads,
thereby extending the criteria to a wider array of algebras.

45
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3.1 Formality of P∞-algebras

In this section we introduce formal P∞-algebras. Our first main result is that
formality is controlled by a certain cohomology class, which we call operadic
Kaledin class.

3.1.1 Minimal and formal homotopy algebras

We start with the notion of minimality for algebras over operads.

Definition 3.1.1. Let P be any operad, and let A be a P-algebra. We say
that A is minimal if its differential is zero.

Note that if (A,Q) is a minimal P∞-algebra, and Q = q1 +q2 + . . . is the weight
decomposition of Q, then (A, q1) is a minimal P-algebra.

Lemma 3.1.2. Every P∞-algebra (A,Q) is quasi-isomorphic to a minimal
P∞-algebra.

Proof. This is an immediate consequence of [LV12, Theorem 10.3.10]. Alter-
natively, we know that A is quasi-isomorphic to its cohomology H(A) as dg
modules over K. It follows that there is an induced P∞ structure Q′ on H(A)
such that (H(A), Q′) ' (A,Q) as P∞-algebras.

In view of Lemma 3.1.2, we deduce the following guiding principle: if we are only
interested in constructions and properties of P∞-algebras which are invariant
under quasi-isomorphisms, then we can safely restrict ourselves to minimal
P∞-algebras (cf. Theorem 1.2.10).

Definition 3.1.3. A P∞-algebra A is said to be formal if it is quasi isomorphic
to a strict P-algebra, which is moreover minimal.

Remark 3.1.4. Since we are working over a field, Lemma 3.1.2 tells us that
any P∞-algebra (A,Q) is quasi-isomorphic to the P∞-algebra (H(A), Q′). On
the other hand, the differential on H(A) is of course zero, and thus H(A) is
also a strict P-algebra. However, the quasi-isomorphism between A and H(A)
is not compatible with this strict P structure.

We now address the question of finding a cohomological obstruction to formality
for P∞-algebras. As a consequence of Lemma 3.1.2, we can restrict our attention
to minimal P∞-algebras.
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Let thus (A,Q) be a minimal P∞-algebras. In other words, let Q = q1 +q2 + . . .
be a Maurer-Cartan element in the graded Lie algebra Coder(C(A)). Then in
particular we can use Q to define a differential dQ := [Q,−] on Coder(C(A)).
The cohomology of the complex (Coder(C(A)), dQ) is the operadic cohomology
of A.
Remark 3.1.5. If for example P = Lie, we get back the usual Chevalley-
Eilenberg cohomology. In other interesting cases such as P = Ass, P = Comm or
P = Pois we obtain the standard Hochschild cohomology, Harrison cohomology
and Poisson cohomology respectively.

3.1.2 Operadic Kaledin class and formality

Again, let (A,Q) be a minimal P∞-algebra, and consider the weight decompo-
sition Q = q1 + q2 + . . . of Q inside Coder (C(A)). If we define

Q̃ := q2 + 2q3 + 3q4 + . . . ,

then a simple check gives us that [Q, Q̃] = 0. Moreover, Q̃ is a degree 1 element
of F 1Coder(C(A)), hence defining a class in H1(F 1Coder(C(A))), where the
cohomology is computed with respect to the differential dQ.
Remark 3.1.6. The additional grading on the complex Coder(C(A)) can be
interpreted as a structure of a k[h, h−1]-comodule, where h is a formal variable.
In this sense, Q̃ can be thought of as a sort of formal derivative of Q with
respect to the formal variable h, which controls the weight grading. This is
essentially the approach taken in [Kal07] and [Lun10].

Definition 3.1.7. The class KA ∈ H1(F 1(Coder(C(A)))) defined by Q̃ is the
operadic Kaledin class of the P∞-algebra A.
Remark 3.1.8. Q̃ also defines a class in the cohomology of the whole complex
Coder(C(A)), which includes the weight 0 component. However, this class turns
out to be identically zero, as we will show in Section 3.2.1.

The n-truncation K≤nA of KA is obtained by considering only weight components
of weights ≤ n. More explicitly, the element

Q̃≤n = q2 + 2q3 + · · ·+ (n− 1)qn
is a cocycle in the complex F 1Coder(C(A))/Fn+1, and we set

K≤nA = [q2 + 2q3 + · · ·+ (n− 1)qn] ∈ H1(F 1Coder(C(A))/Fn+1).

The importance of the operadic Kaledin class is that it controls the formality of
A.
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Proposition 3.1.9. Let (A,Q) be a minimal P∞-algebra, and let KA be its
Kaledin class. The following are equivalent:

(1) there exists an isomorphism of minimal P∞-algebras (A,Q) → (A,R),
where r1 = q1 and r2 = r3 = · · · = rn = 0,

(2) the truncated class K≤nA is zero.

Before proving the Proposition, we need a preliminary lemma on invariance of
the Kaledin class under isomorphisms of minimal P∞-algebras.

Lemma 3.1.10. Let f : (A,Q)→ (A,R) be an isomorphism between minimal
P∞-algebras. Then f induces a natural map

H1(F 1Coder(C(A)), [Q,−]) −→ H1(F 1Coder(C(A)), [R,−]),

which we still denote by f , abusing notation. Then f(K(A,Q)) = K(A,R).

Proof. By definition, f is determined by the sequence (f1, f2 . . . ), where every
fi : C(A)(i) → A is a linear map. Since f is an isomorphism, f1 is a linear
automorphism of A. Let g be the coalgebra automorphism C(A)→ C(A) whose
projection on cogenerators is simply given by f1 (i.e., g is pure of weight 1).
On the other hand, let h be the coalgebra automorphism whose projection on
cogenerators is given by the sequence (id, f2f

−1
1 , f3f

−1
1 , . . . ). It is immediate

to check that h ◦ g = f . In other terms, setting S = g ◦Q ◦ g−1, we have two
isomorphisms of minimal P∞-algebras

(A,Q) (A,S) (A,R),g h

whose composition is f .

As g is concentrated in weight one, it preserves the Kaledin class. Therefore to
conclude it is now sufficient to prove that also h preserves Kaledin classes: this
is essentially the content of [Lun10, Lemma 4.1 and Proposition 7.3].

Proof of Proposition 3.1.9. The fact that (1) implies (2) is clear, since the
n-truncation of the Kaledin class of (A,R) is zero, and the Kaledin class is
invariant under isomorphisms by Lemma 3.1.10. In order to prove (2)⇒ (1),
we can work by induction. The case n = 1 is clear. Suppose now that the
proposition holds for n− 1 and that K≤nA = 0. In particular, also K≤(n−1)

A = 0,
and by induction hypothesis, without loss of generality we can safely suppose
that q2 = · · · = qn−1 = 0. In this case we have

Q = q1 + qn + qn+1 + . . .
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and therefore
Q̃ = (n− 1)qn + nqn+1 + . . . .

Since Q̃ must be zero in cohomology in weights ≤ n, there exists a T =
t1 + t2 + · · · ∈ F 1Coder(C(A)) such that

[Q,T ] = Q̃

in weights ≤ n. By looking at what happens in weight n, we deduce that we
have

[q1, tn−1] = (n− 1)qn.
Putting τ = tn−1

n−1 , we get [q1, τ ] = qn. Consider R = e−τQeτ ∈ F 1Coder(C(A)).
Then we get that [R,R] = 0, and thus (A,R) is a P∞-algebra.

Moreover, by definition eτ gives a P∞-isomorphism (A,R)→ (A,Q). Finally,
it is straightforward to check that indeed ri = qi for i < n, and that rn =
qn − [q1, τ ] = 0, which concludes the proof.

Remark 3.1.11. In the proof of Proposition 3.1.9 we crucially use the
fact that the Kaledin class lives in H1 (F 1 (Coder (C(A)))

)
rather that in

H1 (Coder (C(A))). In fact, in order to get well-defined exponentials, it is
essential that the element T appearing in the proof has no component in weight
zero.

3.1.3 Theorem A

From Proposition 3.1.9, we deduce our first main result.

Theorem A. A minimal P∞-algebra (A,Q) is formal if and only if its Kaledin
class is KA is zero.

Proof. One direction is straightforward: if A is formal, then there exists an
isomorphism

(A, q1) −→ (A,Q)
and by Proposition 3.1.9 we deduce that KA is zero, since all its truncations
are zero. For the other direction, suppose that KA = 0. Let i be the smallest
integer i ≥ 2 such that qi 6= 0. Then by Proposition 3.1.9 we know that there is
an isomorphism

fi = eτi : (A,Ri) −→ (A,Q)
where r2 = · · · = ri = 0, and r1 = q1. Repeating the procedure, we can get
elements τj for every j ≥ i. Now consider

f := . . . fi+1fi = . . . eτi+1eτi .
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The infinite composition here makes sense, as every τj is a coderivation of weight
j−1, and therefore one sees that eτj is the identity in weights smaller that j−1.
In particular, for every weight component, the infinite composition reduces to a
finite product. It follows that f gives the desired isomorphism

(A, q1) −→ (A,Q).

3.2 Operadic Euler classes

The goal of this section is to present an alternative approach to formality. In
particular we will prove a reformulation of the formality criteria for a minimal
P∞-algebra A of Theorem A, expressed in terms of its operadic cohomology
spectral sequence.

3.2.1 Euler derivations

In this section we expand Remark 3.1.8. More specifically, we introduce operadic
Euler class, generalizing the Euler derivation of [Man15, Section 5].

Definition 3.2.1. The operadic Euler derivation ef of a P∞-morphism f :
(A,Q)→ (B,R) is the map of graded K-modules A→ B defined by

ef (a) = (a+ 1)f1(a),

where a ∈ A is homogeneous, and f1 is the induced map of complexes

f1 : A→ B.

Note that in general ef is not compatible with the differentials of A and B.
However, if both A and B are minimal P∞-algebras, then we can consider ef
as a map of complexes.

Definition 3.2.2. The Euler derivation eA of a P∞-algebra (A,Q) is the Euler
derivation of the identity of A.

Suppose now that A is a minimal P∞-algebra. The map eA is a K-linear map
A → A, and as such can be regarded as a weight 0 element (which we still
denote by eA) in Coder(C(A)). For our purposes, the main property of eA is
given by the following important lemma.
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Lemma 3.2.3. Let β ∈ Coder(C(A))(p) be a weight p coderivation. Then we
have

[β, eA] = (p− β)β,

where β is the cohomological degree of β, as usual.

Proof. This is a straightforward verification, using the explicit definition of the
bracket on the complex Hom(C(A), A) ' Coder(C(A)), as given for example in
[LV12, Proposition 6.4.3].

As an immediate consequence of Lemma 3.2.3, we find that in Coder(C(A)) we
have

[q, eA] = [q1 + q2 + . . . , eA] =
∑
i≥1

[qi, eA] =
∑
i≥1

(i− 1)qi = Q̃.

In particular, the cohomology class of Q̃ in Coder(C(A)) is always zero. However,
eA lives in weight 0, which a priori does not seem to be related to KA –a
cohomology class of F 1Coder(C(A)). Nevertheless, the Euler class eA can be
used to formulate an alternative formality criterion based on spectral sequences.

3.2.2 Operadic cohomology spectral sequences

Let f : A→ B be a P∞-morphism. We saw in Section 1.3.3 that the complex
Coder(C(A), C(B); f) carries a natural filtration, induced by the weight grading.
In this section we study the associated spectral sequence.

Definition 3.2.4. The operadic cohomology spectral sequence of a P∞-
morphism f : A→ B is the spectral sequence (E(A,B; f)p,qr , dr) associated to
the filtered complex Coder(C(A), C(B); f).

Our first goal is to show that these spectral sequences are functorial in the
following sense.

Lemma 3.2.5. Let f : (A,Q) → (B,R) and g : (B,R) → (C, S) be P∞-
morphisms. Then the composition maps produces morphisms

g∗ : Coder(C(A), C(B); f)→ Coder(C(A), C(C); gf)

f∗ : Coder(C(B), C(C); g)→ Coder(C(A), C(C); gf)

of filtered complexes.
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Proof. This is a straightforward check. In fact, it suffice to verify that both
g∗ and f∗ are compatible with the filtrations, and that they commute with
differentials.

The next lemma asserts that the spectral sequence E(A,B; f)p,qr has a nice
homotopy invariance property with respect to weak equivalences.

Proposition 3.2.6. Let again f : (A,Q)→ (B,R) and g : (B,R)→ (C, S) be
P∞-morphisms, which by Lemma 3.2.5 induce morphisms

E(A,B; f)p,qr E(A,C; gf)p,qr E(B,C; g)p,qr
g∗ f∗

of spectral sequences. If g is a weak equivalence, then g∗ is an isomorphism for
every r ≥ 1. Similarly, if f is a weak equivalence, then f∗ is an isomorphism
for every r ≥ 1.

Proof. It is enough to prove the claim for r = 1. By definition, we have

E(A,B; f)p,q0 = Homp+q(C(A)(p), B),

where the right hand side denotes the degree p+ q maps between C(A)(p) and
B. Moreover, the differential d0 on the 0-th page of the spectral sequence is
precisely the one induced by the differentials on C(A)(p) and B. By the Künneth
formula, we deduce that the first page has the form

E(A,B; f)p,q1 = Homp+q(C(H(A))(p), H(B)),

and thus similarly we have

E(A,C; gf)p,q1 = Homp+q(C(H(A))(p), H(C)),

It is now clear that if g is a weak equivalence, then g∗ provides an isomorphism
between the two spectral sequences. The case of f being a weak equivalence is
also completely analogous.

3.2.3 Operadic Euler classes

Let again f : A→ B be a P∞-morphism. The Euler derivation of Section 3.2.1
can be regarded as living in the first page of the spectral sequence E(A,B; f).
More specifically, we have

ef ∈ E(A,B; f)0,0
1 = Hom0(H(A), H(B)).
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Proposition 3.2.7. Let A be a P∞-algebra, and let M be its minimal model.
Then there is a morphism of spectral sequences

E(A,A)p,qr −→ E(M,M)p,qr

which moreover is an isomorphism for r ≥ 1 and preserves the Euler derivation.

Proof. As M is the minimal model of A, one can find two weak equivalences of
P∞-algebras

f : A −→M, g : M −→ A,

such that fg is the identity of M . Applying Proposition 3.2.6, we get that both
arrows in the diagram of spectral sequences

E(A,A)p,qr E(M,A; g)p,qr E(M,M ; fg)p,qr = E(M,M)p,qr
g∗ f∗

are isomorphisms as soon as r ≥ 1, and their composition is easily seen to
preserve Euler derivations.

The following Lemma is a generalization of a similar result of Manetti, namely
[Man15, Lemma 5.8].

Lemma 3.2.8. The Euler derivation of any P∞-morphism f : (A,Q)→ (B,R)
satisfies d1(ef ) = 0.

Proof. Using Proposition 3.2.6, we can safely assume that both A and B are in
fact minimal P∞-algebras.

If φ : A→ B is any k-linear map, then we can look at φ as an element in

E(A,B; f)0,0
1 = Hom0(A,B).

In other terms, φ induces a well-defined coderivation φ̂ : C(A) → C(B). By
definition, the value of d1(φ) is the weight 1 component of the coderivation
given by

R ◦ φ̂− φ̂ ◦Q,

where R and Q are the (co)differentials on C(B) and C(A) respectively.

Recall that the weight 1 component of a coderivation C(A)→ C(B) is given by
a linear map C(A)(1) → B, or equivalently by a map of S-modules

C(1) → EndAB .
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Since P = P(E,R), we have by definition that C = P ¡ = C(sE, s2R), and thus
C(1) can be identified with E.

Let c ∈ E be a generating (co)operation of C (which is of co-arity 2 and
cohomological degree 0), and take a ∈ A. Then in the special case of φ being
the Euler derivation ef , the weight 1 component of êf ◦Q is simply given by

E ⊗A⊗2 −→ B
c⊗ a1 ⊗ a2 7−→ ef (q1(c⊗ a1 ⊗ a2)),

where we are identifying q1 with the corresponding map E⊗A⊗2 → A. Moreover,
we have

ef (q1(c⊗ a1 ⊗ a2)) = (a1 + a2 + 2)f1(q1(c⊗ a1 ⊗ a2)),

where we used that q1 has cohomological degree 1.

On the other hand, êf is the coderivation extending ef , and thus we have that
the weight 1 component of R ◦ êf can also be computed explicitly as

E ⊗A⊗2 −→ B
c⊗ a1 ⊗ a2 7−→ r1(c⊗ ef (a1)⊗ f1(a2)) + r1(c⊗ f1(a1)⊗ ef (a2)).

Now a straightforward check shows that in this case R ◦ φ̂ and φ̂ ◦Q have the
same weight 1 component, and this concludes the proof.

Remark 3.2.9. In the special case of f being the identity of a minimal P∞-
algebra (A,Q), the fact that d1(eA) = 0 was already implicit in Lemma 3.2.3.

It follows in particular that ef defines an element in E(A,B; f)0,0
2 .

Definition 3.2.10. The Euler class of a P∞-morphism f : (A,Q)→ (B,R) is
the class of the Euler derivation in E(A,B; f)0,0

2 . The Euler class eA of a single
P∞-algebra (A,Q) is simply the Euler class of the identity.

Note that the Euler class of a P∞-algebra is invariant under quasi-isomorphisms:
thanks to Proposition 3.2.7 we can restrict our attention to Euler classes
of minimal models, and if A and B are quasi-isomorphic P∞-algebras, their
minimal models are isomorphic.
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3.3 An alternative formality criterion for P∞- alge-
bras

Recall that Theorem A relates formality of a minimal P∞-algebra (A,Q) with
the vanishing of a certain cohomology class

KA ∈ H1(F 1Coder(C(A)), [Q,−]).

Also, recall from Section 1.3.3 that the complex Coder(C(A)) carries a natural
filtration, for which we considered the associated cohomology spectral sequence
E(A)p,qr . As usual, the differential in the r-th page of the spectral sequence
E(A)p,qr will be denoted by dr.

3.3.1 Theorem B

We now present our second main theorem, connecting the criteria of both
Kaledin and Manetti at the level of P∞-algebras.

Theorem B. Let (A,Q) be a minimal P∞-algebra. Then the following are
equivalent:

(1) The truncated Kaledin class K≤nA is zero;

(2) dr(eA) = 0 for r = 2, . . . , n.

Remark 3.3.1. Item (2) in Theorem B contains a slight abuse of notation. In
fact, its content is first of all that d2(eA) = 0, and thus eA defines an element
in the third page E3 of the operadic cohomology spectral sequence. If we keep
denoting it with eA, we are asking that d3(eA) also vanishes, so that eA in turn
defines an element in the fourth page E4, and so on and so forth.

Proof. Suppose that K≤nA = 0. By Proposition 3.1.9 we can assume that
q2 = q3 = · · · = qn = 0.

Let us write Q = q1 + q′, where q′ ∈ Fn+1Coder(C(A)). Suppose 1 < r ≤ n,
and take x ∈ Coder(C(A))(p) such that [Q, x] ∈ F p+rCoder(C(A)). Since r > 1,
we get [q1, x] = 0 by weight reasons, and hence

[Q, x] = [q′, x] ∈ F p+n+1Coder(C(A)) ⊂ F p+r+1Coder(C(A)).

This yields dr(x) = 0, and in particular proves that (1)⇒ (2).
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Let us prove that (2)⇒ (1). Recall that the differential of the r-th page of the
spectral sequence

dr : Z0
r

Z1
r−1 + dZ1

r−1
−→ Zrr

Zr+1
r−1 + dZ1

r−1

is induced by the differential dQ = [Q,−] on Coder(C(A)). The fact that
d2(eA) = 0 means that

dQ(eA) = [Q, eA] ≡ 0 (mod Z2
1 + dZ1

1 ),

or equivalently that the weight 2 component of [Q, eA] belongs to the image
of [q1,−]. In other words, there exists an element t11 ∈ Coder(C(A))(1) of
cohomological degree 0 such that

[q1, t
1
1] = [q2, eA] = q2.

Similarly, d3(eA) = 0 implies that we can find t2 = t21 + t22 ∈ F 1Coder(C(A))/F 3

such that
[q1, t

2
1] = 0, [q1, t

2
2] + [q2, t

2
1] = [q3, eA] = 2q3.

The same argument shows that for 1 ≤ i < n, we can find

ti = ti1 + ti2 + · · ·+ tii ∈ F 1Coder(C(A))/F i+1

such that
p−1∑
j=1

[
qj , t

i
p−j
]

=
{

0 if 1 < p ≤ i
iqi+1 if p = i+ 1.

In particular, setting

ri :=
i∑

j=1
tji , R := r1 + r2 + · · ·+ rn−1,

we get that [Q,R] ≡ Q̃ (mod Fn+1), showing that K≤nA = 0 and thus finishing
the proof.
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3.3.2 Formality criteria abridged

We summarize our results in the following corollary of Theorem B.

Corollary 3.3.2. Let (A,Q) be a P∞-algebra. Then the following are
equivalent:

(1) A is formal;

(2) the operadic Kaledin class KA is zero;

(3) dr(eA) = 0 for every r ≥ 2;

(4) the operadic spectral sequence of A degenerates at E2.

Proof. The fact that (1) is equivalent to (2) is the content of Theorem A.
Moreover, an immediate consequence of Theorem B is that condition (2) is
equivalent to condition (4). Also, the fact that (3) implies (4) is obvious. It is
thus enough to show that (1) implies (3).

We can suppose without loss of generality that (A,Q) is minimal. If (A,Q) is
formal, then we can suppose that the only non-zero component of Q is q1. In
order to prove (3), In order to prove (3), we use the following lemma.

Lemma 3.3.3. Let k be a positive integer, and let (A,Q) be a minimal P∞-
algebra, such that Q is concentrated in weight k. Then the spectral sequence
E(A)p,qr degenerates at Ek+1.

Proof. This is very similar to the proof of [Man15, Lemma 6.1], but we
nonetheless provide a proof here. The differential on Coder(C(A)) has the form
d = [qk,−]. Consider an element x ∈ Coder(C(A)), together with its weight
decomposition x = x1 +x2 . . . . If x is such that dx ∈ F p+k+1Coder(C(A)), then
dxi = 0 for every i ≤ p. In other words, if r > k, we have

dZpr ⊂ dZ
p+1
r−1

which immediately implies that the differential dr is zero.

Using Lemma 3.3.3, we immediately see that if A is formal the spectral sequence
E(A)p,qr degenerates at E2, which concludes the proof.
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3.4 Formality transfer

In this section we provide an operadic generalization to the formality transfer
theorem for dg Lie algebra, which appears in [Man15, Theorem 6.8]. Our
methods here are a straightforward transposition of Manetti’s ideas to our
operadic context.

We will need the following preliminary lemma, which is a generalization of
[Man15, Lemma 5.3].

Lemma 3.4.1. Let f : (A,Q)→ (B,R) be a P∞-morphism between minimal
P∞-algebras, and let E(A,B, f)p,qr be the associated spectral sequence of
Definition 3.2.4. Denote by

Q = q1 + q2 + . . . R = r1 + r2 + . . .

the weight decompositions of Q and R. Suppose that for some integer k ≥ 2 we
have

q2 = · · · = qk = r2 = . . . rk = 0.
Then the differential dr of the r-th page of the spectral sequence E(A,B, f) is
zero if 1 < r ≤ k.

Proof. This is completely similar to the proof of [Man15, Lemma 5.3], and
here we only include a proof for completeness. Following Manetti, we work by
induction, and it is therefore enough to prove that dk = 0.

Consider an element x ∈ E(A,B, f)pk. By definition, x is represented by a
weight p element α ∈ Coder(A,B, f)(p) such that

R ◦ α− (−1)αα ◦Q ∈ F p+kCoder(A,B, f),

where as usual α denotes the cohomological degree of α. As k ≥ 2, we have that

r1 ◦ α− (−1)αα ◦ q1 = 0

and hence R ◦ α − (−1)αα ◦ Q has no component in weight p + k. It follows
that dk(x) = 0, which concludes the proof.

Notice in particular that under the hypothesis of the above Lemma, we have
that the first pages of the spectral sequence E(A,B, f) are quite simple: more
precisely, we get

E(A,B, f)2 = E(A,B, f)3 = · · · = E(A,B, f)k+1.

We are now ready to state the main result of this section.
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Theorem 3.4.2. Let f : (A,Q) → (B,R) be a P∞-morphism between two
P∞-algebras. Suppose that:

(1) B is formal,

(2) the induced map f∗ : E(A)p,1−p2 → E(A,B, f)p,−p2 is injective for every
p ≥ 2.

Then A is also formal.

Proof. Here we once again closely follow the proof of Theorem 6.8 of [Man15].
Without loss of generality, let us suppose that A is minimal, and that moreover
R = r1 is concentrated in weight 1. As usual, we denote by

Q = q1 + q2 + . . .

the weight decomposition of Q. Thanks to Lemma 3.2.5, the P∞-morphism f
induces two morphisms of spectral sequences

E(A) E(A,B; f) E(B)f∗ f∗

Let k ≥ 2 be the smallest integer such that qk 6= 0. Using Lemma 3.4.1, we
know that

E(A)p,1−p2 = E(A)p,1−pk , E(A,B, f)p,1−p2 = E(A,B, f)p,1−pk ,

and as a consequence we get that also f∗ : E(A)p,1−pk → E(A,B, f)p,1−pk is
injective for every p ≥ 2. By looking at the Euler classes eA, eB, ef , we get
that f∗(eA) = ef , and similarly f∗(eB) = ef . Since B is formal, we can apply
the formality criteria (4) of Corollary 3.3.2, and therefore get that dr(eB) = 0
for every r. It follows that

f∗(dr(eB)) = dr(f∗(eB)) = dr(ef ) = dr(f∗(eA)) = f∗(dr(eA)) = 0.

Note that by definition dr(eA) ∈ E(A)p,1−pr . But by the injectivity assumption,
we immediately get that dr(eA) = 0 as soon as 2 ≤ r ≤ k. The claim now
follows from a straightforward application of Theorem B and Theorem A.
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3.5 Applications

In this section, we look more closely at the special cases where the Koszul
operad P is the operad of Lie algebras or the operad of associative algebras.
In particular, we show how our results are in fact generalizations of the main
theorems of [Kal07] and [Man15]. Finally, we include a subsection where we
discuss future directions.

3.5.1 Associative algebras

Let P = Ass be the operad encoding associative algebras. In this case P∞-
algebras are called A∞ algebras. In the paper [Kal07], Kaledin addresses the
question of finding obstructions to formality of a given associative algebra A.
Let us briefly recall, mainly following the exposition presented in [Lun10], the
content of Kaledin’s paper.

Remark 3.5.1. It is important to remark that the arguments of Kaledin work
for algebras over a possibly nontrivial base K algebra R. Geometrically, this
corresponds to investigating formality for families of A∞ algebras. We did not
attempt to reach that level of generality in the present text, but we certainly feel
that our methods can be smoothly adapted to the case of families of P-algebras,
where P is any sufficiently nice Koszul operad. We plan to come back to this
question in a future work.

Let (A,Q) be a minimal A∞ algebra, and let h be a formal variable. With
Q = q1+q2+. . . we denote as usual the weight decomposition of the coderivation
Q. Kaledin observes that one can construct another minimal A∞ algebra
(A[h], Q′), where the weight components of Q′ are given by

Q′ = q1 + hq2 + h2q3 . . .

It can be checked that Ã := (A[h], Q′) is indeed a K[h]-linear A∞ algebra. The
algebra Ã is an algebraic incarnation of the deformation of A to the normal
cone, and it is easy to verify that A is formal if and only if Ã is. Notice also that
the quotient Ã/hn+1 is automatically a minimal K[h]/hn+1-linear A∞ algebra.

To Ã/hn+1, Kaledin associates a cohomology class as follows. The A∞ structure
in encoded by a coderivation

Q′
Ã/hn+1 = q1 + hq2 + · · ·+ hnqn+1

which squares to zero. In particular, if we denote by δh the formal derivative
with respect to h, then δh(Q′

Ã/hn+1
) defines a cocycle in the K[h]/hn-linear
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Hochschild complex of Ã/hn. The associated degree 1 element [δh(Q′
Ã/hn+1

)] in

the Hochschild cohomology is the Kaledin class of Ã/hn+1.

One of the main results in [Kal07] and in [Lun10] states that the A∞ algebra
A is formal if and only if all the cohomology classes defined by δh(Q′

Ã/hn+1
)

are zero for all n ≥ 1. The following Proposition shows that the more general
Definition 3.1.7 specializes to the notion of Kaledin-Lunts in the case P = Ass.

Proposition 3.5.2. Let A be a minimal A∞ algebra. Then the class[
δh

(
Q′
Ã/hn+1

)]
is zero if and only if K≤nA = 0.

Proof. The Hochschild cohomology class defined by δh
(
Q′
Ã/hn+1

)
is zero if and

only if there exists a degree zero element t in the Hochschild complex of Ã/hn

such that
[
Q′
Ã/hn

, t
]

= δh

(
Q′
Ã/hn+1

)
. Let us write

t = t1 + ht2 + · · ·+ hn−1tn

for the decomposition of t in terms of the various powers of h. Notice that all
the ti’s are degree zero elements in the Hochschild complex of A. Let now s be
an integer such that 0 ≤ s < n; by looking at the coefficients of hs, we find that
the condition

[
Q′
Ã/hn

, t
]

= δh

(
Q′
Ã/hn+1

)
is equivalent to the equations

s∑
j=0

[qj+1, ts−j ] = (s+ 1) qs+2

for every s. Moreover, by weight considerations we can assume that the weight
of tj is j.

But it is now immediate to verify that the conditions satisfied by the elements
t1, . . . , tn are equivalent to the more compact equation[

Q≤n, t′
]

= Q̃≤n,

where t′ is the element of Coder(C(A)) whose weight decomposition is given by

t′ = t1 + t1 + · · ·+ tn,

and Q≤n and Q̃≤n are as in Section 3.1.2.
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In this sense, Theorem A specializes to the formality criterion described by
Kaledin and Lunts if the base ring is trivial. We remark however that the
formality criteria in items (3) and (4) of Corollary 3.3.2 were not discussed in
the paper [Kal07] and [Lun10].

Moreover, the formality transfer criterion of Theorem 3.4.2 appears to be new
in the context of associative algebras.

3.5.2 Lie algebras

Let now P = Lie be the operad of dg Lie algebras. In this case, algebras over
P∞ are referred to as L∞ algebras. In his paper [Man15], Manetti studies
formality criteria for dg Lie algebras (and L∞ algebras). As we have mentioned,
his results have a somewhat different flavour from those of Kaledin.

In fact, Manetti starts with studying the Lie-incarnation of the operadic
cohomology spectral sequence of Section 3.2.2, called the Chevalley-Eilenberg
spectral sequence. He defines an appropriate Euler class in the Chevalley-
Eilenberg spectral sequence, and goes to show that it controls the formality of
L∞ algebras. It is straightforward to check that Definition 3.2.4 of operadic
cohomology spectral sequences and Definition 3.2.1 of operadic Euler derivations
give back the analogous notions described by Manetti.

More specifically, one of the main results of [Man15] is the equivalence of items
(1)-(3)-(4) of Corollary 3.3.2, in the particular case where P = Lie. Similarly
to what happened in the case of associative algebras, we find that Theorem
6.3 of [Man15] is a consequence of the more general Corollary 3.3.2. Moreover,
the formality transfer theorem for dg Lie algebras (which is Theorem 6.8 in
[Man15]) is a special case of its operadic version contained in Theorem 3.4.2.

3.5.3 Future directions

We list here some of the topics we chose not to treat in the present version of
[MR19]. We plan to come back to these questions in future works.

As already explained, Manetti studies formality criteria for dglas using
degenerations of the Chevalley-Eilenberg spectral sequence in [Man15]. This
is much in the spirit of [Ban16], where Bandiera shows that the Chevalley-
Eilenberg spectral sequence also detects homotopy abelianity. We believe that
the arguments of [Ban16] can be extended to prove a homotopy triviality
criterion for algebras over a nice enough operad P.
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While studying the uniqueness of A∞ structures, Kadeishvili provided an
intrinsic formality criterion for A∞ algebras [Kad88]. One says that an A∞
algebra A is intrinsically formal if any other A∞ algebra A′ such that H(A) ∼=
H(A′) as A∞ algebras is quasi-isomorphic to A. A generalization to P∞-
algebras should follow similarly to the results presented in this chapter. We
thank Andreas Hochenegger for pointing this result to us.

Another direction arises from the work of Kaledin [Kal07], which deals with
formality for families of associative dg algebras, see Remark 3.5.1. Algebraically,
the use of families corresponds to working over a nontrivial base, as it is
explained in [Lun10]. In our opinion, it would be interesting to extend Kaledin’s
criterion for formality in families to algebras over general operads. We hope
that the methods developed in this paper can be useful for this purpose.

Finally, formality has important consequences in deformation theory. From
a more geometric point of view, the formality of a dgla implies that the
associated formal moduli problem has at most quadratic singularities. It
would be interesting to study how different formalities impact the associated
geometrical object. For example, pre-Lie formality could possibly have nice
consequences in the context of pre-Lie deformation theory, as developed in
[DSV16].





Chapter 4

Deformation theory via L∞
pairs and homotopy
of singularities

This chapter is based on joint work with Nero Budur [BR18].

In contrast to Section 2.3, this chapter is devoted to the development of a
deformation theory with cohomology constraints using the L∞ language.

The goal is thus to study the cohomology jump loci in the absence of formality,
something that was not feasible via dgl pairs. As the title of the chapter suggests,
this lack of formality will allow us to shed new light on the homotopy of X,
for X possibly singular. This will be done in Section 4.4.2 in the form of a
structure theorem, very much in the spirit of the theorems in Section 2.3.3.

4.1 L∞ pairs

To generalize the work of Budur and Wang from Section 2.3, we first need
to define L∞ pairs. We will realize that these objects carry a very technical
structure. This whole section is devoted to defining L∞ pairs and finding new
ways to work with them.

65
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4.1.1 L∞ modules

Definition 4.1.1. Let L be an L∞ algebra with l = {ln}n≥1 as structure maps.
Let M be a differential graded vector space with differential denoted m1. A
structure of (left) L∞ module over L on M is a collection of graded linear maps{

mn : L⊗(n−1) ⊗M →M
}
n≥1

such that mn has degree 2− n and∑
(i,j,σ)∈Sn

χ(σ)(−1)i(j−1)mj(mi ⊗ 1⊗(j−1))(ξσ(I)) = 0,

for every homogeneous elements ξ1, . . . , ξn−1 ∈ L and ξn ∈M , subject to the
following convention. Note first that by definition if (i, j, σ) ∈ Sn, then either
σ(i) = n or σ(n) = n. In the first case one defines

mj(mi ⊗ 1⊗(j−1))(ξσ(I)) =

= κ ·mj(1⊗(j−1) ⊗mi)(ξσ(i+1), . . . , ξσ(n), ξσ(1), . . . , ξσ(i)),

where
κ = (−1)j−1 · (−1)(i+|ξσ(1)|+···+|ξσ(i)|)·(|ξσ(i+1)|+···+|ξσ(n)|)

according to the Koszul sign convention. In the second case we take mi = li.

By definition, (M,m1) is a complex. We will denote by HM the cohomology
of (M,m1) as a graded vector space.

Definition 4.1.2. A morphism of L∞ modules f : (M,m)→ (M ′,m′) between
two L-modules is a collection of degree 1− k graded antisymmetric multilinear
maps

{fk : L⊗(k−1) ⊗M →M ′}k≥1

such that for n ≥ 1∑
(i,j,σ)∈Sn

χ(σ)(−1)i(j−1)fj(mi ⊗ 1⊗(j−1))(ξσ(I)) =

∑
(k1,...,kj ,τ)∈Sj,n

χ(τ)(−1)εm′j(fk1 ⊗ · · · ⊗ fkj )(ξτ(I))

for all homogeneous ξ1, . . . , ξn−1 ∈ L and ξn ∈M , with the conventions as in
Definition 4.1.1, and with ε as in Definition 1.2.6.
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The next theorem is an L∞ analogue of a classical result on Lie algebras that
given a Lie algebra L and an L-module M , the vector space L⊕M forms a Lie
algebra via the bracket

[(x1,m1), (x2,m2)]L⊕M =
(
[x1, x2]L, x1 ·m2 − x2 ·m1

)
.

Theorem 4.1.3. [Lad04] Let L be an L∞ algebra and M an L-module. Then,
the graded vector space L⊕M inherits a canonical L∞ structure given by the
collection of degree 2− n graded antisymmetric multilinear maps

{jn : (L⊕M)⊗n → L⊕M}n≥1,

satisfying the following relation for homogeneous elements (ai, ξi) ∈ L⊕M :

jn
(
(a1, ξ1), . . . , (an, ξn)

)
=
(
ln(a1, . . . , an),

n∑
i=1

(−1)n−i+|ξi|
∑n

k=i+1
|ak|mn(a1, . . . , âi, . . . , an, ξi)

)
,

where âi refers to omitting ai in the list.

Sometimes it will be convenient to switch the discussion from modules to
algebras using the above proposition.

Proposition 4.1.4. Let L be an L∞ algebra andM an L-module. The structure
maps jn of the L∞ algebra L⊕M as above recover the structure maps mn of
M .

Proof. We take the map jn : (L⊕M)⊗n → L⊕M and consider the assignment

jn
(
(a1, ξ), (a2, ξ), . . . , (an−1, ξ), (0, ξ)

)
∈ L⊕M.

Then, by Theorem 4.1.3,

jn
(
(a1, ξ), (a2, ξ), . . . , (an−1, ξ), (0, ξ)

)
=
(
ln(a1, . . . , an−1, 0),

n∑
i=1

(−1)n−i(−1)|ξ|
∑n

k=i+1
|ak|mn(a1, . . . , âi, . . . , an−1, 0, ξ)

)
.
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Hence the first component vanishes, and the second component collects the only
possibly-nonzero summand when i = n. Thus one obtains the following element
in L⊕M : (

0,mn(a1, . . . , an−1, ξ)
)
.

If we restrict it to the second component, we recover the structure map mn.

Definition 4.1.5. Amorphism of L-modules f : M → N is a weak equivalence if
its first component f1 : (M,m1)→ (N,n1) is a quasi-isomorphism of complexes.

4.1.2 L∞ pairs

Definition 4.1.6. An L∞ pair is an L∞ algebra L together with an L-module
M . We denote such pair by (L,M). A morphism of L∞ pairs between (L,M)
and (L′,M ′) is a pair (f, g) where f : L → L′ is a morphism of L∞ algebras
and g : M → M ′ is a morphism of L-modules, where M ′ is regarded as an
L-module via f .

Furthermore, we say that a morphism (f, g) of L∞ pairs is a weak equivalence
if f and and g are weak equivalences. An L∞ pair (L,M) is formal if (L,M) is
weak equivalent to the cohomology pair

(
(HL, 0, l2, 0, . . . ), (HM, 0,m2, 0, . . . )

)
with l2 and m2 inherited from (L,M).

Proposition 4.1.7. (1) A morphism of L∞ pairs (f, g) : (L,M)→ (L′,M ′)
induces a morphism of L∞ algebras f ⊕ g : L⊕M → L′ ⊕M ′.

(2) The morphism of L∞ algebras f ⊕ g recovers the morphism of L∞ pairs
(f, g).

(3) (f, g) is a weak equivalence if and only if f ⊕ g is a weak equivalence.

(4) An L∞ pair (L,M) is formal if and only if L⊕M is a formal L∞ algebra.

Proof. For (1) let (f, g) : (L,M)→ (L′,M ′) be a morphism of L∞ pairs. We
show that there exists a morphism of L∞ algebras f ⊕ g : L⊕M → L′ ⊕M ′,
that is, a collection of degree 1− k graded antisymmetric multilinear maps

(f ⊕ g)k : (L⊕M)⊗k −→ (L′,M ′)
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such that they satisfy Definition 1.2.6. Define for n homogeneous elements
(ai, ξi) ∈ L⊕M

(f ⊕ g)n(a⊕ ξ) :=
(
fn(a1, . . . , an),

n∑
i=1

(−1)Ξ(n,i)gn(a1, . . . , âi, . . . , an, ξi)
)
,

(4.1)

where Ξ(n, i) := n− i+ |ξi|
∑n
k=i+1 |ak| gives the appropriate sign when

omitting one element and shifting the remaining to the left. To satisfy Definition
1.2.6 we need that∑

(i,s,σ)∈Sn

χ(σ)(−1)i(s−1)(f ⊕ g)s(ji ⊗ 1⊗(s−1)
L⊕M )((a, ξ)σ(I))

=
∑

(k1,...,ks,τ)∈Ss,n

χ(τ)(−1)εj′s(((f ⊕ g)k1)⊗ · · · ⊗ ((f ⊕ g)ks))((a, ξ)τ(I)),

(4.2)

where j and j′ are the L∞ algebra structures on L⊕M and L′⊕M ′, respectively,
as constructed in Theorem 4.1.3.

Denote by (l,m) the L∞ pair structure on (L,M), and by (l′,m′) that on
(L′,M ′). Looking closer at the left hand side of (4.2), we have∑

(i,s,σ)∈Sn

χ(σ)(−1)i(s−1)(f ⊕ g)s
((

li(aσ(1), . . . , aσ(i)),

i∑
q=1

(−1)Ξ(i,q)mi(aσ(1), . . . , âσ(q), . . . , aσ(i), ξσ(q))
)
,

(aσ(i+1), ξσ(i+1)), . . . , (aσ(n), ξσ(n))
)

=

=
∑

(i,s,σ)∈Sn

χ(σ)(−1)i(s−1)

(
fs

(
li(aσ(1), . . . , aσ(i)), aσ(i+1), . . . , aσ(n)

)
,

s∑
p=1

(−1)Ξ(s,p)gs

(
li(aσ(1), . . . , aσ(i)), aσ(i+1), . . . , âσ(p), . . . , aσ(n), ξσ(p)

))
.
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Using the fact that f is an L∞ morphism and g an L-module morphism, this is
equal to∑
(k1,...,ks,τ)∈Ss,n

χ(τ)(−1)ε
(
l′s (fk1 ⊗ · · · ⊗ fks)

(
aτ(I)

)
,

s∑
p=1

(−1)Ξ(s,p)m′s
(
gk1 ⊗ · · · ⊗ gks

) (
aτ(1), . . . , âτ(p), . . . , aτ(n), ξτ(p)

))
.

By Theorem 4.1.3, this is the L∞ algebra structure on L′ ⊕M ′, that is, we get
the right hand side of (4.2). Thus f ⊕ g is a morphism of L∞ algebras.

To prove (2), note that restricting f ⊕ g to the first component in (4.1), gives f
back. To recover g we use the same method as in Proposition 4.1.4. Namely,
consider the assignment

(f ⊕ g)n
(
(a1, ξ), (a2, ξ), . . . , (an−1, ξ), (0, ξ)

)
∈ L′ ⊕M ′.

Then, by (4.1), this is equal to

=
(
fn(a1, . . . , 0),

n∑
i=1

(−1)Ξ(n,i)gn(a1, . . . , âi, . . . , 0, ξ)
)
.

Hence, the first component vanishes, and the second component collects the
only possible nonzero summands when i = n. Thus one obtains the following
element in L′ ⊕M ′:

(0, gn(a1, . . . , an−1, ξ)) .
Restricting to the second component, we recover the map gn.

Part (3) follows from Definition 4.1.6. If (f, g) is a weak equivalence, we have
that both f1 and g1 are quasi-isomorphisms. By (4.1), (f ⊕ g)1 is also a
quasi-isomorphism, thus making f ⊕ g a weak equivalence by Definition 1.2.8.
Conversely, let f⊕g be a weak equivalence. Then again this means that (f⊕g)1
is a quasi-isomorphism. Since we can restrict at either component of (4.1), we
have that both f1 and g1 are quasi-isomorphisms; thus making (f, g) a weak
equivalence.

Finally we prove (4). By part (3) a morphism (f, g) of L∞ pairs, with f : L→
(H(L), 0, l2, 0, . . . ) and g : M → (H(M), 0,m2, 0, . . . ), is a weak equivalence if
and only if f ⊕ g : L⊕M → (H(L)⊕H(M), 0, j1, 0, . . . ) is a weak equivalence.
By Definitions 4.1.6 and 1.2.8, this means that (L,M) is formal if and only if
L⊕M is formal.

Remark 4.1.8. The category of dgl pairs is a subcategory of the category of
L∞ pairs, but not a full subcategory.
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4.1.3 Formality criteria for L∞ pairs

Taking into consideration Proposition 4.1.7 together with the formality results
of Chapter 3, we get the following result for free.
Corollary 4.1.9. Let (L,M) be an L∞ pair. Then the following are equivalent:

(1) (L,M) is formal;

(2) the L∞ Kaledin class KL⊕M is zero;

(3) dr(eL⊕M ) = 0 for every r ≥ 2;

(4) the Chevalley-Eilenberg spectral sequence of L⊕M degenerates at E2.

Proof. This is an adaptation of Corollary 3.3.2 for L∞ algebras of the form
L ⊕M , as described in Theorem 4.1.3. Item (1) is obtained by Proposition
4.1.7 part (4).

4.2 Cohomology jump functors via L∞ pairs

Similarly to Section 2.2, we will extend the cohomology jump functors in 2.3.1
to L∞ pairs. A crucial part is then to show that these are well-defined and
well-behaved cohomology jump subfunctors of Def .

4.2.1 The functors Def i
k

Definition 4.2.1. Let (L,M) be an L∞ pair. For every integers i and k, the
cohomology jump functors of (L,M) are the functors

Def ik(L,M ;−) : ArtK → Set

defined for all (A,mA) ∈ ArtK by setting

Def ik(L,M ;A) = {ω ∈ MCL(A) | J ik(M ⊗A, dω) = 0}/∼,
where ∼ is the homotopy equivalence relation, dω : M ⊗ A → M ⊗ A is the
A-linear differential

dω(−) :=
∑
n≥0

1
n!m

A
n+1(ω⊗n,− )

with mA
n = mn⊗ idA and mn are the L∞ L-module structure maps onM , 0! = 1

as usual, and J ik are the cohomology jump ideals of the complex (M ⊗A, dω).
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It is already clear that if (L,M) is a dgl pair, then the definition of Def ik(L,M)
via the L∞ pair structure as above is the same as via the dgl pair structure.
The rest of this section is devoted to proving that this definition makes sense
for all L∞ pairs:

Theorem 4.2.2. For an L∞ pair (L,M), Def ik(L,M) are well-defined
subfunctors of Def (L).

More precisely, we will show first that (M ⊗ A, dω) is indeed a complex of
A-modules with finitely generated cohomology, so that taking cohomology jump
ideals makes sense. Secondly, we will show that moding out by homotopy
equivalence makes sense, that is, if ω1 is a Maurer-Cartan element satisfying
the vanishing of the cohomology jump ideal condition, then every other Maurer-
Cartan element ω2 homotopy equivalent to ω1 will satisfy the same vanishing
condition. We will also prove that a morphism of L∞ pairs induces a morphism
of the associated cohomology jump subfunctors, and that the following L∞
version of Theorem 2.3.4 holds:

Theorem 4.2.3. If (f, g) : (L,M)→ (L′,M ′) is a weak equivalence, then for
all i, k ∈ Z the induced transformation on subfunctors

(f, g)∗ : Def ik(L,M) −→ Def ik(L′,M ′)

is an isomorphism compatible with the isomorphism of functors

f∗ : Def (L)→ Def (L′).

Together with the transfer theorem for dgl pairs, Theorem 4.3.5, this implies the
main result of the deformation theory with cohomology constraints announced
in the introduction, Theorem D.

4.2.2 Twisted complexes.

Before we give the proofs of the above theorems, we need some preliminary
results. For the following statement, see [CL11] or [Yal16]:

Proposition 4.2.4. Let L be an L∞ algebra. Let (A,mA) ∈ ArtK and consider
ω ∈ MCL(A), a Maurer-Cartan element. Then, one can construct an L∞
algebra (L⊗ A)ω whose underlying graded vector space is the same as L⊗ A,
and the L∞ structure is{

lωn : (L⊗A)⊗n → L⊗A
}
n≥1
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defined by
lωn(a1, . . . , an) =

∑
i≥0

1
i! li+n(ω⊗i, a1, . . . , an).

This process is known as twisting by ω. Note that the sum above is finite, since
ω ∈ L1 ⊗mA and mA is a nilpotent ideal.

Remark 4.2.5. One can show easily that a morphism of L∞ algebras f : L→
L′ induces a morphism of twisted L∞ algebras (L⊗A)ω → (L′ ⊗A)f1(ω), since
for ω ∈ MCL(A) one has that f1(ω) ∈ MCL′(A).

We introduce twisting of modules via Theorem 4.1.3:

Lemma 4.2.6. Let L be an L∞ algebra, M an L-module, A ∈ ArtK, and
ω ∈ MCL(A). Then (ω, 0) ∈ MCL⊕M (A) and the twist by (ω, 0) of the graded
vector space (L⊕M)⊗A is the L∞ algebra with structure maps{

j(ω,0)
n : ((L⊕M)⊗A)⊗n → (L⊕M)⊗A

}
n≥1

defined by

j(ω,0)
n

(
(a1, ξ1), . . . , (an, ξn)

)
=
∑
i≥0

1
i!ji+k

(
(ω, 0)⊗i, (a1, ξ1), . . . (an, ξn)

)
,

where ai ∈ L⊗A, ξi ∈M ⊗A, and jn are as in Theorem 4.1.3.

Proof. First one needs to show that (ω, 0) is indeed a Maurer-Cartan element
in (L⊕M)⊗ A. We can just plug (ω, 0) in the Maurer-Cartan equation and
check that it is equal to zero through Theorem 4.1.3:∑

n≥1

1
n!jn

(
(ω, 0)⊗n) =

=
∑
n≥1

1
n!

(
lAn (ω, . . . , ω),

n∑
i=1

(−1)n−imA
n (ω, . . . , ω̂, . . . , ω, 0)

)
= (0, 0).

Here, the first component is zero since ω ∈ MCL(A). This tells us that we
can twist by (ω, 0). Hence, by Proposition 4.2.4, ((L⊕M)⊗A)(ω,0) is an L∞
algebra.

Lemma 4.2.7. With the notation as in Definition 4.2.1, the map dω makes
(M ⊗A, dω) into a well-defined complex of A-modules.
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Proof. First of all, dω is a well-defined A-linear map since the sum in its
definition is finite. Now, we consider the map j

(ω,0)
1 from Lemma 4.2.6 and

evaluate it at (0, ξ) ∈ (L⊗A)⊕ (M ⊗A):

j
(ω,0)
1 (0, ξ) =

∑
i≥0

1
i!ji+1

(
(ω, 0)⊗i, (0, ξ)

)
=
∑
i≥0

1
i!

(
li+1(ω⊗i, 0),

mi+1(ω⊗i−1, 0, 0) + · · ·+mi+1(ω⊗i−1, 0, 0) +mi+1(ω⊗i, ξ)
)
.

Note that in the second component, when omitting one of the ω’s we get

mi+1(ω⊗i−1, 0, 0)
)

= 0.

So the only nonzero summand is the (i+ 1)-st, omitting 0 ∈ L. For the first
component of jω1 (0, ξ), we always get zero. Hence we have

j
(ω,0)
1 (0, ξ) =

0,
∑
i≥1

1
i!mi+1(ω⊗i, ξ)


Restricting the L∞ algebra differential j(ω,0)

1 to M ⊗A, gives us a differential
on M ⊗A, easily seen to equal dω.

Proposition 4.1.3 and Lemma 4.2.6 imply the existence of a natural twisted L∞
module structure (M ⊗A)ω on M ⊗A over the twisted L∞ algebra (L⊗A)ω:
Proposition 4.2.8. Let L be an L∞ algebra, M an L∞ L-module, A ∈ ArtK,
and ω ∈ MCL(A). Then the collection of restrictions j(ω,0)

n |M⊗A is an L∞
(L⊗A)ω-module structure on M ⊗A, denoted (M ⊗A)ω. Moreover, there is
an equality of twisted L∞ algebras

((L⊗A)⊕ (M ⊗A))(ω,0) = (L⊗A)ω ⊕ (M ⊗A)ω.

Proof. From Lemma 4.2.6, we know the form of the twisted L∞ algebra structure
on the left hand side:

j(ω,0)
n

(
(a1, ξ1), . . . , (an, ξn)

)
=
∑
i≥0

1
i!ji+n

(
(ω, 0)⊗i, (a1, ξ1), . . . (an, ξn)

)
,

where ai ∈ L⊗A, ξi ∈M ⊗A, and jn are as in Theorem 4.1.3.

On the right hand side, going by parts we first have the twisted L∞ algebra
structure on (L⊗A)ω, which by Proposition 4.2.4 is:

lωn(a1, . . . , an) =
∑
i≥0

1
i! li+n(ω⊗i, a1, . . . , an).
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The twisted (L ⊗ A)ω-module structure is given by j
(ω,0)
n |M . Looking at

Proposition 4.1.4, we have the following Lω-module structure:

mω
n(a1, . . . , an−1, ξ) =

∑
i≥0

1
i!mi+n(ω⊗i, a1, . . . , an−1, ξ).

Now, we can apply Theorem 4.1.3 on the structures lω and mω, to get

jωn
(
(a1, ξ1), . . . , (an, ξn)

)
=
(
lωn(a1, . . . , an),

n∑
q=1

(−1)Ξ(n,q)mω
n(a1, . . . , âq, . . . , an, ξq)

)

=
(∑
i≥0

1
i! li+n(ω⊗i, a1, . . . , an),

n∑
q=1

(−1)Ξ(n,q)
∑
i≥0

1
i!mi+n(ω⊗i, a1, . . . , âq, . . . , an, ξq)

)

=
∑
i≥0

1
i!

(
li+n(ω⊗i, a1, . . . , an),

n∑
q=1

(−1)Ξ(n,q)mi+n(ω⊗i, a1, . . . , âq, . . . , an, ξq)
)

=
∑
i≥0

1
i!ji+n

(
(ω, 0)⊗i, (a1, ξ1), . . . (an, ξn)

)
Thus, we have shown that

j(ω,0)
n = jωn .

Since the underlying graded vector spaces also coincide, we conclude that the
L∞ algebras are the same.

We will also need the following particular case of a result by Yalin:
Proposition 4.2.9. [Yal16, Proposition 3.8] Let L,L′ be L∞ algebras, A ∈
ArtK, and ω ∈ MCL(A). Let f : L⊗A→ L′ ⊗A be a weak equivalence of L∞
algebras. Then f gives a weak equivalence of twisted L∞ algebras

fω : (L⊗A)ω → (L′ ⊗A)f1(ω).
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As a consequence, one has:

Lemma 4.2.10. Let L be an L∞ algebra and A ∈ ArtK. Then two homotopy
equivalent Maurer-Cartan elements ω1 ∼ ω2 in MCL(A) give rise to a weak
equivalence of twisted L∞ algebras

(L⊗A)ω1 ∼−→ (L⊗A)ω2 .

Proof. The restriction maps

K ∼←−−−−−−
t=0,dt=0

K[t, dt] ∼−−−−−−→
t=1,dt=0

K

are morphisms of cdgas which are quasi-isomorphisms. The tensor product of
an L∞ algebra with a cdga has a natural structure of L∞ algebra, and this is
compatible with morphisms of cdgas [Get09]. Hence the tensor product of the
restriction maps with the identity morphism on L⊗A gives morphisms of L∞
algebras

L⊗A ∼←−−−−−−
t=0,dt=0

(L⊗A)⊗K[t, dt] ∼−−−−−−→
t=1,dt=0

L⊗A.

These are weak equivalences since the tensor product of a quasi-isomorphism of
dga’s with the identity morphism on another dga is still a quasi-isomorphism.
The definition of a homotopy between ω1 and ω2 involves the Maurer-
Cartan elements in the L∞ algebra in the middle of the zig-zag. So, let
z ∈MCL(A[t, dt]) be a homotopy between ω1 and ω2, that is,

z|t=0,dt=0 = ω1 and z|t=1,dt=0 = ω2.

Note that MCL(A[t, dt]) = MCL[t,dt](A). Now we apply Proposition 4.2.9 to
each side of the zig-zag from above. We obtain a zig-zag of weak equivalences
of L∞ algebras

(L⊗A)ω1 ∼←− ((L[t, dt]⊗A)z ∼−→ (L⊗A)ω2 .

Since a weak equivalence of L∞ algebras has an inverse weak equivalence by
Theorem 1.2.12, and a composition of weak equivalences is a weak equivalence,
we have a direct weak equivalence:

(L⊗A)ω1 ∼−→ (L⊗A)ω2 .

Corollary 4.2.11. Let L be an L∞ algebra,M an L∞ L-module, and A ∈ ArtK.
Then two homotopy equivalent Maurer-Cartan elements ω1 ∼ ω2 in MCL(A)
give rise to a quasi-isomorphism of twisted complexes

(M ⊗A, dω1) ∼−→ (M ⊗A, dω2).
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Proof. We consider as before the L∞ algebras L ⊕M and (L ⊕M) ⊗ A =
(L⊗A)⊕ (M ⊗A) corresponding to M and, respectively, M ⊗A. Then, since
ω1 ∼ ω2, we have (ω1, 0) ∼ (ω2, 0) in MCL⊕M (A). We apply Lemma 4.2.10 to
get a weak equivalence of twisted L∞ algebras

ϕ̂ : ((L⊗A)⊕ (M ⊗A))(ω1,0) ∼−→ ((L⊗A)⊕ (M ⊗A))(ω2,0).

That is, ϕ̂1 is a quasi-isomorphism. Using the last part of Proposition 4.2.8, the
restriction of ϕ̂1 to (M ⊗A)ω must also be a quasi-isomorphism of complexes.
By the proof of Lemma 4.2.7, this is a quasi-isomorphism between the desired
twisted complexes.

Proof of Theorem 4.2.2. Let ω ∈ MCL(A). Then (M ⊗ A, dω) is a complex
of A-modules by Lemma 4.2.7. By our assumption in Definition 2.3.1, M is
bounded from above, hence (M ⊗A, dω) is bounded from above too.

Moreover, the complex (M ⊗ A, dω) has finitely generated cohomology over
A. The proof of this claim is exactly the same as for the case of dgl pairs
[BW15a, Lemma 3.9]. Namely, (M ⊗A, dω) has a finite decreasing filtration of
subcomplexes (M ⊗msA, dω). The associated spectral sequence,

Es,t1 = Hs+t(M ⊗msA/m
s+1
A , dω),

degenerates after finitely many pages and converges to Hs+t(M ⊗A, dω). Since
ω ∈ L1 ⊗mA, the equality dω = m1 ⊗ idA holds on M ⊗msA/m

s+1
A , where m1

is the differential on M . Since (M,m1) has finitely generated cohomology, the
same is true for the terms in the spectral sequence, and hence for (M ⊗A, dω)
as well.

We have shown thus that all the conditions from Definition 2.3.5 are met. Hence
there are well-defined cohomology jump ideals J ik(M ⊗A, dω).

Now let ω′ ∈MCL(A) be homotopy equivalent to ω. By Corollary 4.2.11, the
complexes (M ⊗ A, dω) and (M ⊗ A, dω′) are quasi-isomorphic. This implies
by Proposition 2.3.6 that they have the same cohomology jump ideals. Thus
taking the equivalence relation by homotopy equivalence in the definition of
Def ik(L,M) is a well-defined operation.

To prove that Def ik(L,M) → Def (L) is a subfunctor, now we only need to
check that a (local) morphism f : A→ A′ in ArtK leads to a map of sets

Def ik(L,M ; f) : Def ik(L,M ;A)→ Def ik(L,M ;A′)

for all i and k, induced by restrictions from the map

Def (L; f) : Def (L;A)→ Def (L;A′),
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and compatible with compositions. Let ω ∈MCL(A) with J ik(M ⊗A, dω) = 0.
Then the image ω′ of ω under the L∞ algebras morphism L⊗A→ L⊗A′ is
in MCL(A′), this being part of the proof that Def (L) is a functor. Moreover,
from the definition, there is an equality of twisted complexes

(M ⊗A′, dω′) = (M ⊗A, dω)⊗A A′.

By Proposition 2.3.7, there is an equality of ideals of A′

J ik((M ⊗A, dω)⊗A A′) = J ik(M ⊗A, dω) ·A′

Thus J ik(M ⊗ A′, dω′) = 0 as well, by Proposition 2.3.6. Hence the map
Def ik(L,M ; f) is well-defined. The compatibility of Def ik(L,M ; f) with
compositions of morphisms in ArtK follows from the fact that Def (L) is a
functor.

4.2.3 The proof of Theorem 4.2.3

Similar to the proof above, for any morphism of L∞ pairs (f, g) : (L,M) →
(L′,M ′), one obtains commutative diagram of natural transformations of
functors

Def ik(L,M) Def (L)

Def ik(L′,M ′) Def (L′)

(f,g)∗ f∗

Since f is a weak equivalence, f∗ is an isomorphism of functors. To show that
(f, g)∗ is also an isomorphism of functors, it is enough to show that the twisted
complexes (M⊗A, dω) and (M ′⊗A, dω′) are quasi-isomorphic for any A ∈ ArtK,
ω ∈MCL(A), and ω′ = f1(ω) in MCL′(A), by Propositions 2.3.6 and 2.3.7.

By Proposition 4.1.7, (f, g) induces a weak equivalence of L∞ algebras f ⊕ g :
L⊕M → L′ ⊕M ′. By Lemma 4.2.6, (ω, 0) is in MCL⊕M (A), and (ω′, 0) is in
MCL′⊕M ′(A). Moreover, (ω′, 0) = (f ⊕ g)1(ω, 0) = (f1(ω), 0). By Proposition
4.2.9, this gives a weak equivalence of L∞ algebras ((L ⊕ M) ⊗ A)(ω,0) →
((L′⊕M ′)⊗A)(ω′,0). By Proposition 4.2.8, this is the same as a weak equivalence

(L⊗A)ω ⊕ (M ⊗A)ω → (L′ ⊗A)ω
′
⊕ (M ′ ⊗A)ω

′
.

Hence this defines a weak equivalence of twisted L∞ pairs

((L⊗A)ω, (M ⊗A)ω)→ ((L′ ⊗A)ω
′
, (M ′ ⊗A)ω

′
)
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by Proposition 4.1.7 again. In particular, by the definition of weak equivalence,
the first component of the L∞ modules map

(M ⊗A)ω → (M ′ ⊗A)ω
′
.

is a quasi-isomorphism of complexes. We have seen already in the proof of
Lemma that first components are precisely the twisted complexes we want, so
we get a quasi-isomorphism

(M ⊗A, dω)→ (M ′ ⊗A, dω′).

�

4.3 Transferring structures

Transfer theorems were first explored in the framework of A∞ algebras in
[Kad80], [Mer00] and were eventually established in the very general setting of
Koszul operads [LV12, §9].

Recall that in Section 1.2.3, an explicit form of the transfer theorem for A∞
algebras was shown. In Section 4.3.1, we give a similar form of the transfer
theorem for L∞ algebras, and eventually extend it to L∞ pairs.

As it has been repeatedly mentioned, the mantra of using L∞ pairs over dgl
pairs boils down to homotopy stability: even if one starts with a dgl pair, one
can replace it with its usually finite-dimensional cohomology pair with a suitable
L∞ structure.

Using these transfer theorems, we are able to prove Theorem D. The immediate
consequences of this will be a positive answer to a question of Suciu and a
description of the Zariski tangent spaces of the cohomology jump loci.

4.3.1 Transfer theorem for L∞ pairs

We start with a slightly more explicit version of Theorem 1.2.11 after [LV12,
Theorem 10.3.5]. This is similar to Theorem 1.2.17.

Theorem 4.3.1. Let {ln : A⊗n → A}n≥1 be an L∞ algebra structure on a
graded vector space A. Given a homotopy transfer diagram

A B,
f

h
g
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between complexes (A, l1) and (B, l′1), suppose in addition that g is a quasi-
isomorphism. Then there exists an L∞ algebra structure {l′n : B⊗n → B}n≥1
on (B, l′1), l′n = f ◦ pn ◦ g⊗n, with pn defined inductively from l and h, and there
is a weak equivalence of L∞ algebras (A, l)→ (B, l′).
Remark 4.3.2. Alternatively, one can describe pn as a sum over rooted trees
φ of n leaves

pn =
∑
φ

±φ(l, h).

The notation φ(l, h) stands for the multilinear operation on A⊗n defined by the
tree φ together with l and h; for the definition we refer to [LV12] for example.
Corollary 4.3.3. Let (C, d, [− ,−]) be a dgla and (H, 0) its cohomology. Given
a homotopy transfer diagram

C H
f

h
g

with g a quasi-isomorphism, there is an L∞ algebra structure{
µn : H⊗n → H

}
n≥2

on (H, 0), µn = f ◦ pn ◦ g⊗n, with pn defined inductively from d and [−,−], and
there is a weak equivalence of L∞ algebras

(H, 0, µ2, µ3, µ4, . . . )
∼−→ (C, d, [− ,−]).

Remark 4.3.4. Alternatively, pn can be described as a sum over rooted trees
spanned by binary trees, with n leaves, see [LV12]:

pn =
∑
φ

±φ([− ,−] , h).

Theorem 4.3.5. Let (C,M) be a dgl pair. Then there exists an L∞ pair
structure on the cohomology pair (HC,HM) with zero differentials, and the
second order operations inherited from (C,M), together with a weak equivalence
of L∞ pairs (HC,HM) ∼−→ (C,M).

Proof. Given a dgl pair (C,M), we consider the dgla C ⊕M with differential
dC⊕M and bracket [− ,−]C⊕M given by the construction from Theorem 4.1.3.
Then, by Corollary 4.3.3 there is L∞ algebra structure µH(C⊕M) on H(C ⊕M)
and a weak equivalence

(H(C ⊕M), µH(C⊕M)) ∼−→ (C ⊕M,dC⊕M , [− ,−]C⊕M ).
Now Proposition 4.1.7 (3) gives us the desired weak equivalence of L∞ pairs
(HC,HM) ∼−→ (C,M).

At this point we can finish the proofs of the results on the L∞ pairs theory.
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4.3.2 Theorem D

We first prove the main theorem that incorporates the L∞ language into
deformation theory with cohomology constraints.

Theorem D. Let (C,M) be a dgl pair over a field of characteristic zero. On the
associated cohomology pair (HC,HM) there exists an L∞ pair structure with
zero differentials and with second-order multiplication maps induced from (C,M),
unique up to isomorphisms of L∞ pairs, such that (C,M) and (HC,HM) are
L∞ equivalent.

Moreover, the cohomology jump subfunctors

Def ik(HC,HM) ⊂ Def (HC)

of the L∞ pair (HC,HM) are naturally isomorphic to the cohomology jump
subfunctors of the dgl pair (C,M)

Def ik(C,M) ⊂ Def (C)

for all i, k ∈ Z.

Proof. This follows immediately from Theorem 4.2.3 together with Theorem
4.3.5.

As a first application to Theorem D, we give a positive answer to an open
problem on cdgas stated by Suciu [Suc16, Problem 3.2].

Theorem 4.3.6. Let (A = ⊕i≥0A
i, d) be a cdga with A0 = C and all Ai finite

dimensional. Then the tangent cone at 0 of the resonance variety Rik(A) is
contained in the resonance variety Rik(H) of the cohomology cdga H = H(A).

Here H1 is identified with the 1-cocycles of (A, d), and

Rik(A) := {a ∈ H1 | dimHi(A, d+ a) ≥ k},

Rik(H) := {a ∈ H1 | dimHi(H, a) ≥ k}.

Proof. Firstly, note that by Proposition 2.3.8, Rik(A) is defined scheme-
theoretically by the ideal J ik(A ⊗ O, d ⊗ idO + ωuniv), where O is the affine
coordinate ring of H1, and ωuniv =

∑
j ej ⊗xj ∈ H1⊗O is a universal element,

that is ej form a basis of H1 and xj form the dual basis. The tangent cone at 0
of Rik(A) is an analytic invariant of the germ at 0 of Rik(A). By definition, this
analytic germ pro-represents Def ik(A,A), where (A,A) is the associated dgl pair
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up to gauge equivalence. Note that the dgla structure on A is trivial and A is
connected, this makes the gauge equivalence in 2.1 trivial as well. The dgl module
structure of A over itself is equivalent with the cdga structure. By Theorem D,
we can replace Def ik(A,A) by Def ik(H,H)∞, where (H,H)∞ is the associated
L∞ pair structure on the cohomology pair. By the connectedness assumption
and a similar argument as in 4.3.3, there is no homotopy equivalence to mod out
by. Hence Def ik(H,H)∞ is given by cohomology jump ideals J ik(H ⊗O, duniv)
in the completion Ô at the origin of O, where

duniv(−) =
∑
n≥0

1
n! (µn+1 ⊗ idO)(ω⊗nuniv ⊗− ),

and µn are the L∞ module multiplication maps of H on itself. Thus the tangent
cone at 0 of Rik(A) is given by the ideal Iik generated by the initial forms of
elements of J ik(H ⊗O, duniv). By definition, the generators of J ik(H ⊗O, duniv)
are the minors of size sik = dimHi − k + 1 of the matrix of formal power
series defined by di−1

univ ⊕ diuniv. The summands of the entries corresponding
to (µn+1 ⊗ idO)(ω⊗nuniv ⊗ − ) are homogeneous of degree n. If we linearize all
the entries of duniv, that is, if we replace duniv(−) by µ2,univ(−) := (µ2 ⊗
idO)(ωuniv ⊗ − ), each minor of size sik is an initial form (of degree sik) of
a generator of J ik(H ⊗ O, duniv). Hence J ik(H ⊗ O, µ2,univ) is contained in
Iik. However, Rik(H) is scheme-theoretically defined by J ik(H ⊗O, µ2,univ), by
Proposition 2.3.8. Hence Rik(H) contains the tangent cone at 0 of Rik(A).

4.3.3 Zariski tangent spaces

Next, we study the Zariski tangent spaces to the cohomology jump functors.
In particular, we see that the Zariski tangent spaces of cohomology jump loci
Vik at points in Vik+1 are equal to the full Zariski tangent space of the ambient
moduli spaceM = Vi0. This statement is to our knowledge new for higher rank
local systems, but also for vector bundles on higher dimensional varieties.

Theorem 4.3.7. Let (C,M) be a dgl pair or, more generally, an L∞ pair over
a field of characteristic zero. Let hi = dimHiM . The Zariski tangent spaces to
the functors

Def i0(C,M) = Def (C) ⊃ Def i1(C,M) ⊃ . . .

. . . ⊃ Def ihi(C,M) ⊃ Def ihi+1(C,M) = ∅
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are the full Zariski tangent spaces

TDef ik(C,M) =


H1C, k < hi
∅, k > hi

ker
(
H1C →

⊕
j=i−1,i Hom(HjM,Hj+1M)

)
, k = hi.

Where the linear map of the third case is induced from the module multiplication
maps

H1C ⊗HjM → Hj+1M.

Proof. Note that TDef (C) = TDef (HC) and TDef ik(C,M) = TDef ik(HC,HM),
where the cohomology pair is endowed with an L∞ pair structure making it L∞
weak equivalent to (C,M). The L∞ pair structure {ln,mn}n≥1 on (HC,HM)
satisfies l1 = 0 and m1 = 0.

It is widely known that TDef (C) = TDef (HC) = H1C. We recall the proof.
By definition, TDef (HC) = Def (HC;A), where A = K[ε]/ε2. This is the set
of Maurer-Cartan elements in HC ⊗ εA modulo homotopy equivalence. The
Maurer-Cartan condition

∑
n≥1 l

A
n (ωn)/n! = 0 is satisfied by all ω ∈ H1C ⊗ εA.

Now let z(t, dt) ∈MCHC(A[t, dt]). Then z = z′ + z′′ where z′ ∈ H1C ⊗ εA[t],
z′′ ∈ H0C ⊗ εA[t]dt, and the Maurer-Cartan condition simplifies to (idC ⊗
d/dt)z′ = 0. Hence z′ must be constant in t and z′′ is anything. In particular,
if z is a homotopy between ω1 and ω2, with ω1, ω2 ∈ MCC(A) = H1C ⊗ εA,
then ω1 = ω2. Thus, there are no homotopies between two ω1 6= ω2, and
TDef (C) = H1C ⊗ εA ∼= H1C.

Now TDef ik(HC,HM) is Def ik(HC,HM ;A), with A as above. Since there is
no homotopy equivalence to mod out by, this is the set of all ω ∈ H1C⊗εA such
that the ideal J ik(HM ⊗ A, dω) = 0, where dω(−) =

∑
n≥0m

A
n+1(ωn ⊗ −)/n!.

Again, m1 = 0 and multiplying more than one ω is zero. So, dω(−) = mA
2 (ω⊗−).

By definition, J ik(HM⊗A,mA
2 (ω⊗−)) is the ideal in A generated by the minors

of size dimHiM − k + 1 of

mA
2 (ω ⊗−) : (Hi−1M ⊕HiM)⊗A −→ (HiM ⊕Hi+1M)⊗A. (4.3)

Since ω = ω′ ⊗ ε for some ω′ ∈ H1C, mA
2 (ω ⊗ −) = m2(ω,−) ⊗ ε. Thus

multiplying any two entries of this matrix is zero. Hence, if dimHiM−k+1 > 1,
all elements of Def ik(HC,HM ;A) = H1C ⊗ εA = TDef (HC). On the other
hand, if dimH1M − k + 1 = 1, we see that the condition J ik(HM ⊗A, dω) = 0
is the condition that the linear map m2(ω′ ⊗−) is zero. That is equivalent to
ω′ being in ker τi, with

τi : H1C −→
⊕

j=i−1,i
Hom(HjM,Hj+1M)
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as in the statement of the theorem.

Remark 4.3.8. If (C,M) is a dgl pair, then there is a canonical morphism of
dglas χ : C → End(M). Manetti [Man07] defined in this case a deformation
functor Def χ associated to χ. One can show that Def χ = Def ihi(C,M), where
hi = dimHiM . The Zariski tangent space Def χ as computed in [Man07] agrees
with TDef ihi(C,M) as we have computed it in Theorem 4.3.7.

4.4 Cohomology jump loci of rank one local sys-
tems

In this section we apply the theory of L∞ pairs to local systems of rank one.

Let X be a connected topological space which has the homotopy type of a finite
CW complex. We consider again the complex affine torus

MB(X) = Hom(π1(X),C∗),

which is the moduli space of rank one C-local systems on X, and the cohomology
jump loci

Σik(X) = {ρ ∈MB(X) | dimCH
i(X,L) ≥ k}.

The first part of this section will contain a structure theorem with respect to the
higher structures on Σik. Although similar, the second part consists of a more
elegant structure theorem with respect to the weight filtration on Hn(X,C).

4.4.1 Higher structures on Σi
k(X)

Let APL(X) be Sullivan’s cdga of piecewise smooth C-forms on X. For a local
system L, denote by APL(L) the module over APL(X) obtained from the forms
with values in L.

By Kadeishvili’s theorem, there is an A∞ algebra structure on H(X,C) making
it A∞ quasi-isomorphic to APL(X). As we have seen in Sections 1.2.1, 1.2.3,
and 4.3.1, this extends to modules and passes to L∞ pairs. That is, for a local
system L there is an L∞ pair structure on

(H(X,C), H(X,L))

making it weakly L∞ equivalent to the dgl pair

(APL(X), APL(L)).
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Since APL(X) is a cdga, itself as a dgla has zero Lie bracket. Hence the L∞
algebra structure on H(X,C) is trivial, i.e., all products are zero by Corollary
4.3.3. The dgl module structure of APL(X) over itself as a dgla is however
nontrivial. Indeed, the module products are the associative products, that is,
the wedging of forms in this case. Thus, the only nontrivial part of the L∞
pair structure on (H(X,C), H(X,L)) is the L∞ module multiplication map
m = (mn)n≥2. We will call this multiplication map m = (mn)n≥2 a canonical
L∞ module multiplication map. It depends only on the choices (f, g, h) from
homotopy transfer diagrams, as in the previous section.

With that said, we are ready to state the following structure theorem.

Theorem 4.4.1. Let X be a connected topological space, homotopy equivalent
with a finite CW complex.

(1) If there exists n0 and a canonical A∞ algebra structure m = (mn)n≥2 on
H(X,C) with

mn(ω, . . . , ω, η) = 0

for all n > n0, ω ∈ H1(X,C), η ∈ H(X,C), then each irreducible
component of the algebraic set Σik(X) containing the trivial local system
is a subtorus ofMB(X).

(2) Let L be a rank one local system on X. If there exists n0 and a canonical
L∞ module structure m = (mn)n≥2 on H(X,L) over H(X,C), with

mn(ω, . . . , ω,m) = 0

for all n > n0, ω ∈ H1(X,C), m ∈ H
q(X,L), then every irreducible

component of the algebraic set Σi
k(X) passing through L is a translated

subtorus ofMB(X).

Proof. For (1), note that if L is the constant sheaf, one has that a canonical
L∞ module multiplication map of H(X,C) over itself is the same data as an
A∞ algebra structure on H(X,C) making it A∞ equivalent to APL(X). Hence,
part (1) follows from part (2).

We now prove part (2). By [BW15a], the formal germ of Σi
k(X) at L pro-

represents the cohomology jump deformation functor Def ik(APL(X), APL(L))
of the dgl pair. Hence, by Theorem D, the formal germ of Σi

k(X) at L pro-
represents the cohomology jump deformation functor Def ik(H(X,C), H(X,L))
of the L∞ pair (H(X,C), H(X,L)).

Note first that the deformation functor Def (H(X,C)) of the L∞ algebraH(X,C)
is pro-represented by the formal germ H1(X,C)(0) at the origin of the affine
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space H1(X,C). This is nothing new, and it can be seen directly from the
fact that H1(X,C) is the Lie algebra of the algebraic group MB(X), whose
connected component through the identity is (C∗)b, with b = dimH1(X,C).
However, we recall here the proof via L∞ algebras. Indeed, for (A,mA) ∈ ArtK,
Def (H(X,C);A) is the set of Maurer-Cartan elements

MCH(X,C)(A) =
{
ω ∈ H1(X,C)⊗mA

∣∣∣∣∣ ∑
n=2

1
n! µ

A
n (ω⊗n) = 0

}

modulo homotopy equivalence. Here µAn = µn ⊗ idA, and µ = (µn)n is the
L∞ algebra structure on H(X,C). As mentioned above µn = 0 for all n, since
APL(X) is a cdga. So

MCH(X,C)(A) = H1(X,C)⊗mA.

Moreover, in this set no two elements are homotopy equivalent. Indeed, for an
element z = (z′, z′′) in (H1(X)⊗mA[t])⊕ (H0(X)⊗ [t]dt), the Maurer-Cartan
condition simplifies to (d/dt)(z′) = 0. Hence z′ must be constant in t. Thus
making dt = 0 and t = 0, 1 in z, one obtains the same element in H1(X)⊗mA.
Hence Def (H(X,C)) = H1(X,C)(0) as functors.

Next consider the L∞ resonance subset of H1(X,C) defined as

Rik(X,L) :=
{
ω ∈ H1(X,C)

∣∣ dimHi(H
q
(X,L), dω) ≥ k

}
,

where
dω(η) :=

∑
n≥0

1
n!mn+1(ω⊗n ⊗ η).

Note that by assumption, dω(η) is a finite sum of at most n0 non-zero
summands. Since for all ω ∈ H1(X,C) one has that µn(ω⊗n) = 0 for all
n > 0, (H q(X,L), dω) must be a complex. Indeed, this is classically known, see
for example the full version of Proposition 4.2.4 in [CL11] and [Yal16]; or one
can derive it directly from the compatibility of the µn with the mn.

One endows Rik(X,L) with a natural structure of subscheme of H1(X,C) as
follows. Let R be the affine coordinate ring of H1(X,C). If e1, . . . , eb is a basis
for the vector space H1(X,C), then R = C[x1, . . . , xb] where x1, . . . , xb is the
dual basis in the dual vector space H1(X,C)∨. Define the universal element

ωuniv :=
∑

1≤j≤b
ei ⊗ xi ∈ H1(X,C)⊗R.

For η ∈ H q(X,L)⊗R, define an R-linear map
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duniv(η) :=
∑
n≥0

1
n! (mn+1 ⊗ idR)(ω⊗nuniv, η).

Again this is a finite sum with at most n0 non-zero summands. Thus

(H
q
(X,L)⊗R, duniv)

is a well-defined complex interpolating all complexes (H q(X,L), dω). By
construction, Rik(X,L) is the zero locus in Spec(R) of the cohomology jump
ideal J ik((H q(X,L) ⊗ R, duniv)) ∈ R of the universal twisted complex. This
defines the scheme structure on Rik(X,L).

Moreover, from the definition of the cohomology jump subfunctors and the fact
that there is no homotopy equivalence to mod out by, one has that the formal
germ at the origin of Rik(X,L) pro-represents Def ik(H(X,C), H(X,L)).

To summarize, we have obtained the following commutative diagram with
vertical arrows isomorphisms of formal germs:

Rik(X,L)(0) H1(X,C)(0)

Σik(X)(L) MB(X)(L)

∼ ∼

Moreover, the right-most isomorphism is induced by the exponential map

expL : TLMB(X)→MB(X)

from the tangent space at L of the algebraic groupMB(X), which in its turn
is induced by translation from the usual exponential map

exp : Cb = H1(X,C)→ (C∗)b

for the connected component (C∗)b ofMB(X) containing 1.

From now on, the proof is the same as that of 2.3.13. Namely, let V ′ and W ′
be two irreducible components of Σi

k(X) and Rik(X,L), respectively, passing
through L and 0, respectively, and such that they correspond to each other
under the isomorphism from the above diagram. By translation we obtain two
subvarieties V and W of (C∗)b and Cb, respectively, isomorphic as varieties
with V ′ and W ′, respectively, and such that the exponential map induces an
isomorphism between the germs of V and W at 1 and 0, respectively. By
Theorem 2.3.11, this implies that V is a subtorus. Hence V ′ is a translated
subtorus inMB(X). This finishes the proof of part (2) and hence of Theorem
4.4.1.
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Remark 4.4.2. A statement with a similar conclusion under the assumption
that the dgl pair (APL(X), APL(L)) admits a finite dimensional dgl pair model
was proved in [BW17c]. Although one would like to say that this finite
dimensionality assumption implies the assumption of the previous theorem, this
is at the moment not clear to us.

4.4.2 Theorem C and applications

We will use the following result of Cirici-Horel [CH17]. As kindly pointed out to
us by J. Cirici, this is a particular case of Theorem 8.7 in [CH17], cf. Remark
8.8 from [CH17]. This was first proven by Morgan [Mor78] in the case of smooth
varieties and extended by Cirici-Guillén [CG14] to possibly singular nilpotent
varieties. The approach of [CH17] allows to remove the nilpotency conditions
in the singular case.
Theorem 4.4.3 ([CH17]). Let X be a complex algebraic variety, possibly
reducible. The cdga APL(X) is quasi-isomorphic to a cdga A such that:

(1) for every n there is an extra grading An = ⊕pAnp ;

(2) the extra grading on A is compatible with the differential and with the
multiplication on A;

(3) the filtration WpA
n := ⊕q≤pAnq induces Deligne’s weight filtration on

Hn(A) = Hn(X,C).
Remark 4.4.4. Note that the only input from geometry needed in [CH17] to
prove Theorem 4.4.3 is the existence of a multiplicative mixed Hodge diagram,
enhancing the mixed Hodge structures on cohomology to the rational homotopy
setting. For varieties this is available by [Mor78], [Hai87], [NA87].

Applying Corollary 1.2.20 to this result, we conclude:
Theorem 4.4.5. Let X be a complex algebraic variety. Then on H q(X,Q) there
exists an extra grading inducing the weight filtration, and there exists an A∞
structure µ = (0, µ2, µ3, . . .) in the canonical homotopy class of such structures
such that all multiplication maps µn are compatible with the multigrading given
by the extra grading, as in (1.1).
Corollary 4.4.6. [= Theorem C.] Let X be a connected complex algebraic
variety, possibly reducible. If

W0H
1(X,C) = 0

then each irreducible component of Σik(X) containing the trivial local system is
a subtorus ofMB(X).
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Proof. Let d be the dimension of X. For this proof will use the notation

Hn = Hn(X,C) and H
q
= H

q
(X,C).

Recall that Hn = 0 for n < 0 and n > 2d, and the weight filtration satisfies

WkH
n =

{
0 if k < 0,

Hn if k > 2n. (4.4)

Consider the A∞ algebra structure on H from Theorem 4.4.5. By weight
decomposition we will mean the extra grading H = ⊕pHp on H. The A∞
multiplication maps on H are compatible with the multigrading induced by the
weight decomposition. We use the same notation

µn : H⊗n−1 ⊗H → H

for the associated L∞ module structure on H over itself. The L∞ algebra
structure being trivial on H, the L∞ module multiplication map of H on itself
is given by the A∞ algebra products of H, as one can see from Proposition 1.2.14,
Theorem 4.1.3, and Proposition 4.1.4. These maps are also compatible with the
multigrading induced by the weight decomposition. That is, the multiplication
maps µn restrict to maps

µi1,...,inp1,...,pn : Hi1
p1
⊗ . . .⊗Hin

pn → Hi1+...+in+2−n
p1+...+pn .

In particular, µ1 = 0 and all µn are strictly compatible with the weight filtration.
That is,

µn(Wk((H
q
)⊗n)) = µn((H

q
)⊗n) ∩WkH

q
, (4.5)

where
Wk((H

q
)⊗n) =

⊕
i1+...+in=k

Wi1H
q
⊗ . . .⊗WinH

q
, (4.6)

and the direct sum is over partitions (i1, . . . , in) ∈ Nn of k.

We use now that W0H
1 = 0. Let ω ∈ H1, m ∈ Hi, and n > 2i + 2. Then

ω ∈ WkH
1 with k = 1, 2, and m ∈ WlH

i with l ∈ {0, 1, . . . , 2i}, according to
(4.4). Hence ω⊗n ⊗m is an element in Wnk+l((H1)⊗n ⊗Hi). Since µn+1 has
degree 1 − n, the image µn+1(ω⊗n ⊗m) is an element in Hn+i+1−n = Hi+1.
By strictness, µn+1(ω⊗n ⊗m) is an element in

µn+1((H1)⊗n ⊗Hi) ∩Wnk+lH
i+1 = µn+1((H1)⊗n ⊗Hi) ∩W2i+2H

i+1

Here the equality holds by (4.4) as long as nk + l ≥ 2(i+ 1), which is the case
anyway since n > 2i+ 2, k ≥ 1, l ≥ 0. On the other hand

µn+1((H1)⊗n ⊗Hi) ∩W2i+2H
i+1 = µn+1(W2i+2((H1)⊗n ⊗Hi)))
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by the strictness condition (4.5). The pigeon principle applied to the
decomposition (4.6), together with the fact that W0H

1 = 0, implies that

µn+1(W2i+2((H1)⊗n ⊗Hi))) = 0

for n > 2i+ 2. Thus we proved that µn+1(ω, . . . , ω,m) = 0 for n > 2i+ 2 and
all ω ∈ H1, m ∈ Hi. In particular, µn+1(ω, . . . , ω,m) = 0 for ω ∈ H1, m ∈ H q,
and n > 4 dim(X) + 2. The claim follows from Theorem 4.4.1 (1).

We now show that the above theorem also works for other spaces behaving like
algebraic varieties, such as links and Milnor fibers of singularities.

We recall the definition of links. Let X be a complex projective variety, Z and
Z ′ closed subschemes with Y = Z ∪Z ′, and assume that the singular locus of X
is contained in Y . Then, the link of Z in X with Y removed is the complement
L = L(X,Y, Z) := T − Y for a nice neighborhood T of Z in X, see [DH88]. If
Z = {x} is an isolated singularity of X and Z ′ is empty, then L is the usual link
of the singularity (X,x). The cohomology groups and the rational homotopy
type of L are endowed with rational mixed Hodge structures by Durfee-Hain
[DH88].

Theorem 4.4.7. If a connected component L′ of the link L satisfies

W0H
1(L′,C) = 0,

then each irreducible component of the algebraic set Σi
k(L′) containing the

constant sheaf is a subtorus ofMB(L′).

In particular, one has restrictions on fundamental groups of such links. In
contrast, every finitely presented group is the fundamental group of a link of
an isolated complex singularity of dimension 3, by Kapovich-Kollár [KK14].
Note that unlike varieties, W0H

1(L,C) = 0 is not a topological property of a
connected link, by Steenbrink-Stevens [SS84, §3].

Now, for a germ of a holomorphic function f : (Cn, 0)→ (C, 0), let F denote
the Milnor fiber. A mixed Hodge structure on the cohomology of F has been
constructed by Steenbrink [Ste77], Navarro [NA87], and Saito [Sai90].

Theorem 4.4.8. If a connected component F ′ of the Milnor fiber F satisfies

W0H
1(F ′,C) = 0,

then each irreducible component of the algebraic set Σi
k(F ′) containing the

constant sheaf is a subtorus ofMB(F ′).
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Proof of Theorems 4.4.7 and 4.4.8. As in Remark 4.4.4, the existence of a
multiplicative mixed Hodge diagram for links has been shown in [DH88]. For
Milnor fibers of germs of holomorphic functions f : (Cn, 0) → (C, 0), this is
shown in [NA87].

Because Sullivan’s minimal models are used in [CH17], the multiplicative mixed
Hodge diagrams are required to be cohomologically connected. Hence Theorem
4.4.3 also holds for connected links and connected Milnor fibers. Now, since the
multiplicative mixed Hodge diagrams for varieties, links, and Milnor fibers, split
into direct sums of diagrams for each connected component, Theorem 4.4.3 also
holds for each connected component separately. Finally, adapting the proof of
Theorem C to these specific cases concludes the proof.

We thank J. Cirici for Remark 4.4.4 and its consequences to Links and Milnor
fibers.

Remark 4.4.9. Let X be a complex algebraic variety. If the singular locus
of X is an isolated point, then W0H

1(X,Q) = H̃0(∆(E),Q), where ∆(E) is
the dual complex of the exceptional divisor in any resolution of singularities
of X, see [Pay13]. For a compact variety X, W0H

1(X,Q) = H1(∆(X•),Q)
where ∆(X•) is the dual complex (or nerve) of a simplicial resolution X• of X
[ABW13].

In general,
W0H

1(X,Q) = H1(Xan,Q),

where Xan is the Berkovich analytification of X, by [Ber00]. A down-to-earth
topological description for equidimensional varieties has been given by [Sai18],
where it is also shown that W0H

1(X,Q) is the kernel of H1(X,Q)→ H1(X̃,Q)
given by the normalization map X̃ → X.

Example 4.4.10. Let X → Y be a surjective morphism of complex varieties
which is a fiber bundle with connected fiber F . Suppose that H1(Y,C) 6= 0 has
positive weights and the same for H0(Y,H1(F )) if non-zero, where H1(F ) is the
local system on Y with fibers H1(F,C). Then H1(X,C) 6= 0 butW0H

1(X,C) =
0, by the Leray-Serre spectral sequence, since the differentials in the latter are
morphisms of mixed Hodge structures.

One can construct in this way examples of irreducible multi-branch complex
varieties X with H1(X,C) 6= 0 and W0H

1(X,C) = 0:

Let C be the projectivization of the nodal cubic curve {y2 = x2 + x3} in
P2, or the union of the axes {xy = 0}. Let τC be the involution given by
multiplying the y coordinate by −1 in the first case, and exchanging the two
axes in the second case. Then H1(C/τC ,C) = 0. Let E be an elliptic curve
and fix a torsion point P of order 2 on it. Denote by τE the involution
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Q 7→ Q + P of E. Then H1(E/τE ,C) = C2 is pure of weight 1 since E/τE
is also an elliptic curve. Let X be the quotient of C × E by the diagonal
involution (τC , τE). Then X → E/τE is a fiber bundle map with fiber C.
Moreover, H0(E/τE ,H1(C)) = H1(C,C)τC = H1(C/τC ,C) = 0, and thus
H1(X,C) = H1(E/τE ,C) = C2 has no weight-zero.

We thank János Kollár and Botong Wang for these examples. See also [Sai18,
§2].

The following three propositions on the Malcev Lie algebra of fundamental
groups do not involve any deformation theory. We include them for completion.

Proposition 4.4.11. Let X be a connected complex variety withW0H
1(X,C) =

0. Then the associated graded Lie algebra GrW gC with respect to the weight
filtration of the complex Malcev Lie algebra of π1(X,x) is isomorphic to the
quotient of a free Lie algebra with generators in degrees −1 and −2 by a Lie
ideal generated in degrees −2,−3, and −4. If X is in addition projective, then
the generators can be chosen only of degree −1 and the relations only of degree
−2.

The proof is the same as [ADH16, Theorem 1.2] which was stated for normal
varieties. Checking this involves a chase of the arguments in loc. cit. back to a
series of results of R. Hain. The main point is that [ADH16, Lemma 4.1] also
holds for our setup:

Proposition 4.4.12. Let X be a connected complex variety withW0H
1(X,C) =

0. Then there is a morphism of graded vector spaces

δ : GrWH2(X,C)→ L(GrWH1(X,C))

such that
GrW gC = L(GrWH1(X,C))/δ(GrWH2(X,C)),

where L(E) denotes the free Lie algebra spanned by the vector space E.

R. Hain informed us that Proposition 4.4.12 also holds for other spaces such as
links and Milnor fibers, due to a more general result of his on multiplicative
mixed Hodge complexes [Hai84, Theorem 11.6], see also Remark 4.4.4 above.
We thank him for pointing this out. In particular, one obtains the following
statement for links:

Proposition 4.4.13. Let L be a link, with Z ′ = 0. Let L′ be a connected
component of L such that W0H

1(L′,C) = 0. Assume that Proposition 4.4.12
holds for L′ replacing X. Then the associated graded Lie algebra GrW gC with
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respect to the weight filtration of the complex Malcev Lie algebra of π1(L′) is
isomorphic to the quotient of a free Lie algebra with generators in degrees −1
and −2 by a Lie ideal generated in degrees −2 and −3.

Proof. The proof is the same as [ADH16, Theorem 1.2], with the only difference
that H2(L′,C) has weights 0, 1, 2, 3, but not 4, see [PS08, Theorem 6.14].
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